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Abstract. We prove that quasi-isometric finitely generated, torsion free nilpotent groups 
have isomorphic Mal’cev completions. 
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1. Introduction 

Since the groundbreaking work of Gromov [16], geometric group theory has been the 
subject of intense research efforts. In the present paper we present a contribution to the 
"coarse" geometric theory of nilpotent groups, giving a complete classification of finitely 
generated, torsion free nilpotent groups up to quasi-isometry. 

Let (Xi,di),i = 1, 2 be metric spaces. Recall that Xi and X 2 are called quasi-isometric 
if there is a map (not necessarily continuous) /: Xi — > X 2 and C, D e M + such that for all 
x,y e X u 

C~ x • di(x, y) — D < d 2 (f(x), f(y)) < C ■ d^x, y) + D, 

and if further sup yeX2 inf^-gx! d 2 (yJ(x)) < +oo. 

Given finitely generated groups P, A, we say that P and A are quasi-isometric if they admit 
(finite) generating sets for which the Cayley graphs are quasi-isometric. (Equivalently, the 
Cayley graphs are quasi-isometric for any finite generating sets.) This defines an equivalence 
relation among finitely generated groups. More generally, one may consider quasi-isometries 

l 
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of compactly generated, locally compact groups with given word metrics; see for instance the 
recent book [ 10 ] for definitions. 

If T is a finitely generated, torsion-free nilpotent group, it is well known (see section [2] 
below for details and references) that T embeds in a connected, simply connected, nilpotent 
Lie group G as a cocompact lattice. This G is unique. The existence and uniqueness of such 
an embedding was established by Mal’cev in [23]; the ambient group G is called the Mal’cev 
completion of T and is also denoted G = T <g) R. 

Since any two cocompact lattices in the same ambient locally compact group are mutually 
quasi-isometric, it follows that any two finitely generated, torsion-free nilpotent groups with 
the same Mal’cev completion are in particular quasi-isometric. One may then ask whether 
this gives a complete characterization of quasi-isometry among finitely generated, torsion- 
free nilpotent groups, that is, given two quasi-isometric such groups T, A, does it follow that 
T <g) R = A ® M? below we settle this in the affirmative: 

Theorem A (quasi-isometry invariance of Mal’cev completion). Let T, A be finitely gener¬ 
ated, torsion free nilpotent groups. IfT and A are quasi-isometric, then the Mal’cev comple¬ 
tion of T is isomorphic to that of A, that is, T <g> M = A £3 M. 

1.1. A brief survey of previous work. Pansu proved an important partial result in [27]: 
given a nilpotent Lie algebra 0 the associated graded Lie algebra g gr is defined by 

cl(fl) 

0gr ' — 0[i]/0[i+l] i 

2=1 

where ( 0 m )i is the lower central series in 0 (see Section [2] for definitions). The Lie bracket 
in 0 gr of £ £ 0[i]/0[ i+ i] and fj £ %]/Q[ :1+ i] is defined as the projection onto Q [ i+j ]/of 
[£, rj\ £ 0, where £, p are representatives of £ respectively fj. (It is easy to see that this is 
well-defined.) Thus the graded Lie algebra 0 gr associated with 0 forgets all "higher degree" 
structure in the Lie bracket. 

Pansu proved in [26] that the asymptotic cone of a of a connected simply connected nilpo¬ 
tent Lie group G identifies naturally with the graded Lie algebra associated with 0. Since 
the asymptotic cone is a quasi-isometry invariant, the following result then follows: 

Theorem (Pansu [27]). Let T, A be finitely generated, quasi-isometric, torsion-free nilpotent 
groups with Mal’cev completions G := T <S> M respectively H A 0 M. Then 0 gr = fi gr . 

In [30], Shalom, using a dynamic characterization of quasi-isometry, introduced an entirely 
new approach to the problem, based on a notion of cohomological induction through a mea¬ 
sure equivalence. Specifically, Shalom showed that for finitely generated amenable groups, 
quasi-isometry is equivalent to uniform measure equivalence [16]: two locally compact, sec¬ 
ond countable unimodular groups G , H are called measure equivalent if they admit essentially 
free, commuting actions on a standard measure space (fi, p), preserving the measure and such 
that there are measurable fundamental domains Y, X for the G- respectively H- actions with 
p(X), p{Y) < +oo. The space (f2, p) is called a (G, 77)-coupling. Given a G, 77-coupling, one 
can construct cocycles Gx X —> 77 and 77 xT — y G (see Section [6] for precise definitions), and 
we say that the measure equivalence is uniform if these are (essentially) uniformly bounded 
on K x X for every compact subset K of G, and similarly for 77. Shalom showed that, 
for uniformly measure equivalent countable discrete groups P, A, one can induce mutually 
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inverse maps 

H n (T,L 2 X) H n (A,L 2 Y) 

in cohomology, and that these are continuous. Hence the reduced cohomology spaces are 
isomorphic: H_ n (T , L 2 X) = H_ n (A, L 2 Y). By a well known result of Delorme [12] (see also 
the approach in [30]), it follows that Hf l {T , L^X) = H n (A, L^Y) = 0 where LfX denotes the 
orthogonal complement in L 2 X of the constant function x K > 1, and analogously for L 2 fiY. 
From these results Shalom then deduces the following theorem: 

Theorem (Shalom [30]). Let T, A be quasi-isometric, finitely generated, torsion-free nilpotent 
groups. Then for all n G N, 

/T(r) := dim® H n (T, R) = dim R H n (A, R) = /3 n (A). 

We mention also that Sauer [29], analyzing carefully the construction of Shalom and putting 
it in a functorial framework, was able to prove that the isomorphism in cohomology is consis¬ 
tent with cup products. (Sauer also constructed a dual isomorphism in homology, consistent 
with cap products.) Thus, for finitely generated, torsion-free nilpotent groups, a quasi¬ 
isometry induces an isomorphism of the real cohomology rings. Finally, we also want to 
mention, without going into details, the two recent papers [2,9] 

Observe that the n = 1 case of Shalom’s theorem is already contained in Pansu’s theorem, 
whereas the higher order cases are not: indeed, Shalom provided in [30] an example in 
which the Mal’cev completions of two finitely generated, torsion-free nilpotent groups can be 
distinguished by their second Betti number, but not by the associated graded Lie algebras. 

However, as pointed out already by Shalom in [30], the result is important conceptually 
as well, even (and maybe even especially ) in the case n — 1, providing very explicitly an 
isomorphism of the (tensor products with R of the) abelianizations via duality. Further, 
Shalom’s theorem, when combined with other results from [30] also gives a proof [30, Theorem 
4.3.6] that any group T which is quasi-isometric to the integers, is virtually isomorphic to the 
integers; the point is that Shalom’s methods do not rely on Gromov’s Polynomial Growth 
Theorem. Our proof of Theorem [A] directly extends this conceptual basis. We now present 
an overview of the new tools needed, as well as the overall structure of our proof. 

1.2. Overview of the proof of Theorem [Al Analogously with [30], we deduce Theorem 
from a rigidity result about uniform measure equivalence: 

Theorem B. Let G,H be connected, simply connected, nilpotent Lie groups. If G and H 
are uniformly measure equivalent, then they are isomorphic as Lie groups. 

Proof of Theorem\A\ from Theorem O Let T,A be finitely generated, torsion free nilpotent 
groups, and write G := V ® R, H := A <g) R. Suppose that T, A are quasi-isometric. Then 
by [30, Theorem 2.1.2] there is a uniform (r, A)-coupling (f2o ; Ao) ; which is ergodic, and such 
that T, A act freely. Indeed, we may take any ergodic uniform coupling f2 0 o and then replace 
it by f2 0 o x Z where T x A rv Z := {0, l} rxA is the Bernoulli shift action of T x A. 

Now we simply put := {G/T) x (H/A) x f2 0 with the obvious cocycle action; it is clear 
that this is a uniform, ergodic {G, W)-coupling, whence Theorem [Al now follows directly from 
Theorem [B] □ 

The main new ingredient in the proof of Theorem [B] is the use of polynomial maps on 
groups: a map <p: G —> H of groups is called a polynomial map (of degree at most d £ No) 
if there is a d G No such that for all gi,..., g r i+\ G G, the map (B 9l o ■ ■ ■ o )(<p) : G —>■ H 
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equals the constant map g K > 1, where the (right-)differential operator 0> 9 ,g 6 G is defined 
by (0> 5 </?)(s) = cp(s)~ 1 cp(sg), s G G. A direct computation shows that the polynomial maps of 
degree one are precisely the affine homomorphisms (an affine homomorphism is, by definition, 
a homomorphism post-multiplied with a (constant) element in H). 

In [21] the main result is that when the target group H above is nilpotent, the pointwise 
product of two polynomial maps is again a polynomial map. This extends the fact that the 
pointwise product of two homomorphisms into an abelian group is again a homomorphism. 
This and related properties of polynomial maps gives rise to the point of view that, in what 
can be called "higher order Fourier analysis", certain classes of polynomial maps between 
nilpotent groups (or more general nilspaces, a class of spaces containing nilmanifolds), play the 
role of homomorphisms between abelian groups in ordinary ("linear") Fourier analysis [31,32], 

Let us consider the simplest possible case of Shalom’s theorem: suppose we have connected, 
simply connected abelian Lie groups G : = M" and H := W n , and suppose that G and H are 
uniformly measure equivalent. (Strictly speaking, Shalom’s theorem is stated in [30] only for 
discrete groups, but this is, as noted therein, not a substantial restriction.) Shalom’s theorem 
then provides a chain of isomorphisms (where X , Y denote the relevant fundamental domains 
given by the measure equivalence, see above) 

(1.1) T: H\G,R) -^H}(G,L 2 X) —^H\H,L 2 Y) —— H\H, M) , 

where i/ 1 (—,—) denotes the (first) continuous cohomology of locally compact groups. We 
refer to Section [3J and references therein, for detailed definitions. Suffice to say that H X {G, M) 
coincides with the group hom(G, M) of continuous homomorphisms G —)■ M. Hence, by 

the duality hom(hom(G, R), M) = G we get an isomorphism H — = -*- G , dual to (II.Hi . In 
particular n = m. Using the cocycle luq '■ H xY -E G associated with the measure equivalence 
(see Section [3] for details) the isomorphism can be described in cohomology (on the level of 
inhomogeneous cocycles) by 

i^v)( h ) = j v(ti G (h : y))dfi Y (y), y e H\G,R). 

Inspired by the use of polynomial maps in [21,31], an ideal way to extend Shalom’s proof to 
cover nilpotent groups would be to prove a chain of isomorphisms as in (II.ip . but replacing 
the real coefficents on either extreme by a free nilpotent Lie group, and the L 2 -spaces in 
the middle by appropriate "nilpotent" analogues. In practice, however, to take advantage of 
established methods, we will define instead for each d E Na cohomology theory (—, —), 

termed (continuous) polynomial cohomology , with the property that for any locally compact 
group G , the first polynomial cohomology H^(G, M) is exactly the group PoU(G)/ Pol rf _!(G) 
of continuous polynomial maps G —> M of degree at most d , modulo those of degree at most 
d—1. In Section Owe construct this "polynomial" cohomology theory, and in Section [7] we 
relate it to polynomial maps on groups, as well as prove several auxiliary results; notably we 
give an explicit description of polynomial maps on (torsion-free) nilpotent groups in terms 
of Mal’cev bases. 

In Section [5] we prove an auxilliary result on the cohomology of nilpotent groups. In [30] 
a key part of the argument is the fact that finitely generated, torsion free nilpotent groups 
have property Ht'- The reduced cohomology H}(T,T-L) = H 1 ( T, T-L 1 ) for any unitary Hilbert 
T-module di. As alluded to above this is originally due to Delorme [12], The aim of Section 
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[5] is to generalize this to a wider class of modules (so-called "poly-Hilbert" modules, see 
Definition 15.101 for details) fitting into the framework of polynomial cohomology. Theorem 
15.151 is a key technical foundation of the methods presented in this paper. 

In Section O we construct an isomorphism in polynomial cohomology, analogous to the 
middle isomorphism in (11.11) to the setting of polynomial cohomology. We do this by proving 
a Reciprocity Theorem generalizing that in [25]. Our Theorem 16.41 gives an isomorphism 

(1.2) L 2 X) — H n (H, L 2 (Y, Pol d _ 1 (G))) . 

Heuristically, one would expect by induction then to identify Pol c /_ 1 (G) with Pold-i(H), in 
a natural manner so as to get as explicit a map on the level of cohomology as possible. This 
will take up the final part of the paper, after the introduction of several technical tools. 

As a byproduct of the methods of Section [6] we also give a description of polynomial 
cohomology in terms of ordinary cohomology (see Proposition 16.81) . 

The family of all H^(G, R), d e No (where by convention HF (G, M) = K) identifies with 
the group Pol(G) of all continuous, real-valued polynomials on G, and this will act as a sort 
of "total" higher order dual space. However, in order to capture the group structure on G, 
and not just the ranks of the successive subquotients G^/G[i + 1 ] in the lower central series of 
G , we need to take into account also certain structure maps on Pol(G). Namely, Pol(G) is an 
algebra, with pointwise multiplication of polynomials as the algebra multiplication. Further, 
the multiplication map m: G x G —>■ G induces a pull-back map m*: Pol(G) —> Pol(G x G). 
In Section [S] we give precise constructions of these structure maps, and show that a map 
<3>: Pol(G) —> Pol (H) (for G, H connected, simply connected nilpotent Lie groups, say) 
which preserves the structure maps, induces a homomorphism p: H —>■ G such that the 
pull-back p *: Pol(G) —> Pol(W) coincides with <f). 

Section M is devoted to the identification of the right-hand side of (11.21) with H^(H, K). 
Finally, in Section [TU] we finish the proof of Theorem [B] by proving that, for uniformly mea¬ 
sure equivalent, connected, simply connected nilpotent Lie groups G , H , the isomorphisms 
H^(G, M) R), d e N constructed in Section [U] can be glued together to an iso¬ 

morphism Pol(G) Pol (H) respecting all the relevant structure maps from Section [8] and 
so induces an isomorphism of groups. 

1.3. Notation and conventions. 

Topological vector spaces. In this paper all (topological) vector spaces will be real and as¬ 
sumed to satisfy the Hausdorff separation axiom, unless explicitly stated otherwise. By def¬ 
inition, a morphism (p: S —> T between not necessarily Hausdorff topological vector spaces 
£, T is a continuous linear map, and an isomorphism is a morphism such that there exists 
an inverse morphism p ^ 1 : IF —y £. 

Topological groups. A ’group’ G will always mean simply an abstract group without any 
topology. We will abbreviate ’locally compact second countable (unimodular)’ by ’lcsc’ (re¬ 
spectively ’lcscu’). We denote the identity element in G by 1q, leaving out the subscript 
whenever possible. 

Measure spaces. We refer to Section [3] for detailed statements of our terminology concerning 
(Borel) measure spaces. Given a measure space (X , /i) and any statement involving it, the 
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terminology ’for almost every (a.e.) x G X (...)’ is synonymous with ’there exists a subset 
Xq of X of co-null measure such that for every x G X 0 (...)’ 


Extended natural numbers. We denote Z* := {— 00 } U No and define 


x+y : = 


x-y \ = 


x + y , x,y G N 0 C Z* 

— 00 , if either of x, y — —00 

x — y, x > y E N 0 CZ, 

— 00 , x = —00 or x < y G N 0 


We leave x—y undefined if both x,y = — 00 . 


Multi-index notation. A multi-index (over I) is an element d = G Nq for some finite 

set I. For a Mal’cev group G (see Section [2] for the definition of Mal’cev groups; in particular 
this includes G esc nilpotent Lie) we denote by cl(G) the multi-index (1,..., cl(G)) G Nq 1 ^, 
by rk(G) the multi-index (dim® 0[i]/0[i+i])i=i...., c i(G) £ Nq' G '\ For any multi-index k over / 
we denote by Nq the disjoint union Ujg/No’. Finally we denote by dim(G) the multi-index 
(where we write m := rk(G)) 

dim(G) := ((I), • • • •, (cl(G)) J=1 ,..., mcl(0) ) G N™. 

For any d G No and any multi-index k over / we define 

Dd,k := < d G Nq | ^ kA < d 
{ iei 

and denote by Dj k the subset for which equality holds. Finally, we set 

Bk ■— 2,..., fcj}, 

and consider on this set the lexicographic ordering. 



Product notation. Let G be a group. For any finite, well-ordered set / and any map i —>■ 
G: i (->• g t we write Yliei 9i f° r the element g in G defined recursively by g — g io ■ njG/\{* 0 } 9” 
where i 0 is the smallest element in I. 


Acknowledgements. We are grateful to Nicolas Monod and Ryszard Nest for several useful 
discussions, and for their hospitality and generosity. We would also like to thank Yves 
Cornulier and Peter Schlicht for a number of useful comments. 


2 . Preliminaries on nilpotent groups 

In this section we collect the necessary prerequisites concerning nilpotent groups. For 
general background we refer to [11,19]. 

Let G be a group. Recall that the commutator of two elements g, h G G is the element 
\g,h\ := g- 1 h~ 1 gh G G. For subgroups H,K C G the commutator [H,K\ is the subgroup 
generated by all elements [h, k\, h G H, k G K. 

Definition 2.1 (central series). Recall that a central series = (Gj); e N in a (topological) 
group G is a decreasing sequence of (closed) normal subgroups G, <1 G, with G = G\ and 
such that [Gi,Gj] C Gi + j for all i,;j G N. 
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The lower central series of a topological group G is the (decreasing) sequence = (£?[*]) 
of subgroups of G defined recursively by Gqj := G and Gp+i] := [G,G[jj]. Observe that each 
G[j] is a characteristic subgroup of G. Further, for any central series = (G*) on G we have, 
by construction, G[;j < Gj. 

A group G is called nilpotent if G[<f] = {1} for some d G N; in this case the (nilpotency) 
class of G is the number cl(G) := min{d | G[d] = {1}} — 1- bi the remainder of this section 
we recall some fundamental results about nilpotent (torsion-free) groups, and introduce the 
class of groups we will work with in the present paper. 

Recall that for any Lie algebra 0 , the lower central series is defined (analogously to the 
definition for groups) by 0 [i+i] = span[g, gu], Let G be a connected, simply connected 
(henceforth abbreviated ’esc’), nilpotent Lie group, and denote its Lie algebra g. Recall that 
for such G, the exponential map exp: g —)• G is a global diffeomorphism onto G, inducing in 
particular for each i diffeomorphisms gy/g^+i] —> G[j]/G[j + i]. 

A (strong) Mal’cev basis of g (wrt. the lower central series in g) is a linear basis (Ah,j)B rk(G) 
of g, such that for each i, X it j G g[j] for all j, and the set {A )j}j projects to a linear basis of 
g[i]/g[i+i]. Such a basis always exists. Then the map 

( 2 . 1 ) g 9 E n exp (tijXij). 

Gi)eBrk(G) (*;i)e B rk(G) 

is a diffeomorphism as well [ 11 , Section 1 . 2 ], and the induced coordinate system on G is 
called (the system of) Mal’cev coordinates. Abusing terminology, we will therefore also refer 
to the family {g it j := exp(Ajj) j (i, j) G B rk (<y)} as a Mal’cev basis of G. 

Given any Mal’cev basis (X l j) of g, for all i , j there are constants {cff s,t } such that 

[*«,*.,<] = V 

(k,l) eB rk ( G ) 

The (indexed) collection of all cffff' 1 is called the set of structure constants of g (wrt. (Xjj)). 
In his groundbreaking paper [23], Mal’cev proved the following result: 

Theorem 2.2 (Mal’cev). A esc nilpotent Lie group G has a lattice if and only if it has a 
Mal’cev basis with rational structure constants. Furthermore, every lattice in G is cocompact. 

Any lattice in a esc nilpotent Lie group is necessarily torsion-free and finitely generated. 
Mal’cev proved also that the converse is true: 

Theorem 2.3 (Mal’cev). Let T be a finitely generated, torsion-free (discrete) nilpotent group. 
Then there exists a esc nilpotent Lie group G such that T embeds as a lattice in G. Fur¬ 
thermore, the embedding is unique up to natural isomorphism, that is, given any two such 
embeddings i: T —> G and j: T —> H, there is an isomorphism if: G —^ LL intertwining i and 

j- 

The esc nilpotent Lie group G in the theorem is called the Mal’cev completion of T, and 
is occasionally denoted G := T<g)M. For a proof of the theorem see [23], or for an alternative 
approach [ 6 ] (which is based on [18]). We will indicate an approach below as well. 

Finally we note that any locally compact, compactly generated, totally disconnected nilpo¬ 
tent group contains a neighbourhood basis of the identity consisting of compact open normal 
subgroups [36]. Thus, up to quotienting out a totally disconnected compact group, such 
groups can be studied via discrete nilpotent groups. The techniques developed in this paper, 
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based on cohomology with coefficients in vector spaces, essentially do not "see" compact 
subgroups; this motivates the following definition: 

Definition 2.4 (Mal’cev group). Let G be a locally compact, compactly generated topologi¬ 
cal group. We will say that G is a Mal’cev group if it satisfies any (hence all) of the following 
equivalent criteria: 

(i) G embeds as a closed, cocompact subgroup in a esc nilpotent Lie group, 

(ii) G has a finite length central series (Gi), that is, Gd = {1} for some d, such that 
Gi/Gi+i = M mi x Z m 'i for all i, 

(iii) G is a torsion free, nilpotent Lie group. 

In case (ii) we can always find such a central series such that, furthermore, for each i the 
quotient Gi/G w is compact. It can be proved that such a central series is uniquely determined 
by these requirements and we will therefore refer to it as the Mal’cev central series. 

The implications (i) =>■ (ii) (iii) are clear; (iii) =>■ (i) is due to Mal’cev in the discrete 
case and to Wang [35, Prop. 4.6] in general. 

Definition 2.5. We will call residually Mal’cev group any compactly lese group G for which 
there is a continuous, injective homomorphism ip: G —> N into a (countable) projective limit 
N = lim_H Ni of esc nilpotent Lie groups iV* such that 

(i) the ranks of the abelianizations N l /[N ll iV,;] are uniformly bounded, and 

(ii) for every i, the induced homomorphism <p t : G -A N t has closed, cocompact image. 

Since the structure constants of any esc nilpotent Lie group are witnessed by any closed 
cocompact subgroup, the ambient esc nilpotent Lie group in the previous definition is uniquely 
determined by G. Generalizing the discrete case we call it the Mal’cev completion of G and 
denote it G Cg> M. More generally, if G is a residually Mal’cev group, we define the Mal’cev 
completion G <g) M := lim<_(G/Gj) <S> M. For any such G we will by abuse of notation denote 
by g the projective limit of the Lie algebras of (G/Gi) Cg)K; in particular for a Mal’cev group 
G we will abuse conventions and write g directly for the Lie algebra of G <E> R. 

Definition 2.6 (length and rank). Let G be a residually Mal’cev group. We denote the 
length of the (Mal’cev-, equivalently lower-) central series by cl(G), if it is finite. We denote 
by rk(G) the rank of G, defined by rk(G) := dim^g/gp], where g is the Lie algebra of G0R. 
That is, we have G 1 /G 2 — x 7L n for some uniquely determined m,n, and we define 
rk(G) = m + n. 

Given a Mal’cev group G it can be proved (see the following remark) that there is a Mal’cev 
basis {gij} of G<g)M with g t g E G for all i,j. We will call such a family a Mal’cev basis of G. 
I 11 general, for G a residually Mal’cev group we will call Mal’cev basis of G. any family {gij} 
of elements in G such that the images {<7ij}(ij)eB rk(G/Gd l} is a Mal’cev basis in G/Gd+i- 

Remark 2.7. Letting gij, (i,j) E B r k(G) denote the pre-images of the canonical basis vectors 
Cj wrt. some fixed isomorphisms Gi/Gi + 1 = R c * x Z c * , we have that the g t g constitute a 
Mal’cev basis of G, and that (setting Xig = log (gig) and) restricting appropriate coordinates 
tig to Z, the map in (12.11) yields a "Mal’cev coordinate system" for H. I 11 this way, the 
non-rigorous, heuristic definition of a (residually) Mal’cev group is that it is a (compactly 
generated) group which can be (residually) described, in some sense, by a Mal’cev coordinate 
system. 
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Example 2.8 (examples of Mal’cev groups). (i) By the theorem of Mal’cev, every finitely 
generated torsion-free nilpotent group is a Mal’cev group. More generally, every finitely 
generated, residually torsion free nilpotent group is residually Mal’cev. 

(ii) By a classical result of Magnus, see e.g. [22], free groups are residually torsion free 
nilpotent. The class of (finitely generated) residually torsion-free nilpotent groups is 
known to be stable under free products, as well as certain amalgamated free products. 

(iii) Surface groups, right-angled Artin groups [13], and pure braid groups [14,15] are resid¬ 
ually torsion-free nilpotent. 

In [8], various examples are produced to show that the nilpotent genus, that is, the family 
of nilpotent quotients, does not in general retain information about certain isomorphism 
invariants of residually torsion free nilpotent groups. 

For any n,d E N we denote by F n (d) the free nilpotent group of class d on n genera¬ 
tors. That is, denoting by F n the free group on n generators f\,..., f ni we set F n (d) : = 
F n /(F n )[d+\]- This group satisfies the following universal condition: given any nilpotent 
group T of class at most d and any gi,... ,g n E T, there is a unique group homomorphism 
ip\ F n (d ) —* T such that p(fi) = gt,i = 1 Similarly, we denote by f n (d) the free 

nilpotent Lie algebra of class d on n generators X t , i = 1,..., n, and by N n (d ) the associated 
esc (nilpotent) Lie group. Since the structure constants of f n (d) wrt. a canonical Mal’cev 
basis of N n (d ) consisting of (a subset of all of the) commutators of the are rational, such 
a basis determines a cocompact lattice in N n (d ) by Mal’cev’s theorem, and it is clear that 
this is precisely the free nilpotent group F n (d). 

In particular, using this we can now indicate a construction of the Mal’cev completion 
T 0 R of any finitely generated, torsion-free nilpotent group T. Let F be a free nilpotent 
group surjecting onto T, say <p : F —> F, and let N be the associated free nilpotent Lie group. 
(Note in particular that, by the above, we have a priori N = F ® R.) Let K := ker^. 
By [11, Theorem 5.4.3] there is a unique smallest Lie group L < N containing K , and K is 
cocompact in L. (Note, again, that thus we have in fact L = K ® R.) The cocompactness 
ensures that, since T is torsion-free, L(~)F = K, and it follows from this that T is a cocompact 
lattice in the esc nilpotent Lie group N/L. 

3. Measure equivalence and uniform measure equivalence 

In this section we fix the terminology we will use for measure spaces, in particular we 
make precise our use of the term ’standard space’, which is maybe not entirely standard. 
Further, it will be technically convenient to be able to speak of the family of compact subsets 
of a standard Borel space, since the compact subsets will appear in the definition of certain 
function spaces on standard Borel spaces in the sequel. 

Definition 3.1 (measure space terminology). By a Borel space X we mean a triple (X, 28, 27) 
where 27 is a topology on X and 28 is the Borel tr-algebra generated by 27 , that is, the 
smallest a-algebra containing 27 . We will often suppress the topology when speaking of a 
Borel space, but emphasize here that it is part of the data. 

By a measure space ( X, g) we mean simply a set X endowed with a er-algebra, and a 
measure g on this. By a measure, we mean a positive measure, taking values in [0, oo], A 
Borel measure space is thus a Borel space, with a measure on the Borel cr-algebra. Given a 
Borel measure space ( X, 28, g), we will often consider implicitly also the completed cr-algebra 
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3$ of 3$ with respect to /!. The word ’measurable’ (e.g. measurable set, measurable map, 
etc.) will mean measurable with respect to the completed cr-algebra, whereas the word ’Borel’ 
(-set, -map, etc.) pertains to 3$. 

A Borel map p\ X —>• Y of Borel spaces X , Y is called locally bounded if it maps relatively 
compact sets to relatively compact sets. 

A Borel measure space (X, /i) will be called standard if there is a Borel isomorphism 
p: X —> MUZ onto a closed subset of the disjoint union of M with Lebesgue measure and Z 
with counting measure, such that: 

(i) the push-forward p*p is equivalent to the restriction of the Lebesgue+counting measure 
on MUZ to the range of p, and, 

(ii) both maps p, p~ x are locally bounded. 

Remark 3.2. The requirement in the def ini tion of ’standard Borel measure space’ that 
the isomorphisms p, p~ x be bounded, is non-standard compared to the general literature. 
Note however, that for a-compact, locally compact Borel measure spaces, our terminology is 
equivalent to the usual one. 

3.3. Measure equivalence couplings of lcscu groups. Next we give the definition of 
measure equivalence coupling between two lcscu groups that we will use in this paper. Our 
definition essentially coincides essentially with the one used in [4], 

Definition 3.4 (couplings). Let G, H be lcscu groups. A measure equivalence (ME) coupling 
from G to H (also called a {G, //)-coupling) is a standard Borel measure space (0, p) along 
with: 

(i) A locally bounded Borel G x H action a : G x H x 0 —>■ 12 ; that is, the map cr is 
assumed to be a locally bounded Borel map. We write <jg '■ G x 0 —y 0 respectively 
a H : H x 12 — y 12 for the restricted actions. Generally, we denote simply a{g,h){t ) by 
(g,h).t = g.h.t = h.g.t. 

(ii) Two measure preserving Borel isomorphisms 

i: (G,Xq) x (Y,/j, y ) ~> {XI, p) 
j: (H, X H ) x (X,p x ) —> {XI, p), 

where px(X), pyiX) £ (0, +oo) and (X, px), (X, py) are standard Borel measure spaces. 
Further, we require that all four maps i,i~ x , j, j -1 are locally bounded, and that 

(iii) all maps , j, j~ l are essentially G- respectively R-equivariant, i.e. for almost every 
y EY and all g 0 ,g E G, we have i(gog,y) = go-i{g,y ), and analogously for H. 

We say that the (G, R)-coupling {XI, p) is uniform . if X,Y are compact. 

Remark 3.5. As implied by the name, ’measure equivalence’ is indeed an equivalence rela¬ 
tion. 

Remark 3.6. Let {XI, p) be a {G, if)-coupling. It follows directly from the definition that 
the G x //-action on is essentially free and preserves p. 

Example 3.7. Let T, A be finitely generated (countable discrete) amenable groups. If T 
and A are quasi-isometric, then by [30, Theorem 2.1.2] (see also [16, O. 2 .C 2 ] for the original 
formulation) they are uniformly measure equivalent. 

Given a {G, Z/)-coupling (12, p), we get, by the equivariance of i,j, essentially free, measure 
preserving Borel actions G x X —> X and H x Y —y Y. Indeed, by (iii) of the definition of 
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(G, //)-coupling we fix a subset C of co-null measure and a subset X 0 C A", also of co¬ 
null measure, such that the restriction j\: HxX o Oo is R-equivariant, and such that GxH 
acts freely on hlo- Then we can define the action of G on Ao by j\ (H x { g.x }) = g.j\ (H x {x}); 
this clearly extends to an essentially free (locally bounded Borel-) action of G on X. The 
H- action on Y is defined analogously. 

Remark 3.8. We will frequently use the well-known fact that, given any (G, R)-coupling 
(Q,fi), we can replace y by an ergodic invariant measure. Observe that /i is ergodic if and 
only if fix is ergodic. By symmetry, /i is ergodic if and only if fi Y is ergodic. 

First, we note that there is an ergodic, G-invariant probability measure u x on X: indeed 
denote by TY C G (X)* the set of G-invariant probability measures on X. Clearly X is a 
weak-* closed, convex set whence by the Krein-Milman Theorem [28, Theorem 3.23] there is 
an extreme point v x in XX. Now we can define v as the push-forward j*(A# ® u x ). Finally, 
by disintegration, there is a Borel measure u Y (7Ty)*(z/) on Y and a held y H > X y of Borel 
measures on G such that v = i*(f v X v d v' Y ). But then by uniqueness of the Haar meaure on G 
it follows that X y = c(y) ■ A g, where c(y) > 0 for almost every y. Now take v Y = c(—) _1 • v' Y . 
Then (0, v) satishes the claim with (.X , v x ) and (Y, v Y ) in place of ( X , fi x ) respectively 
(Y,Hy)- 

3.9. Cocycles associated with a measure equivalence coupling. Recall that, given 
groups G, H and a set X with an action of G, a (left-)cocycle u: G x X —> F is a map 
satisfying 


u(gh,x) = u(g,h.x) ■ u(h,x), g,h&G. 

Let G, H be lcscu groups and let (hi, /i) be a (G, R)-coupling. To this we associate two 
cocycles (see below) ujh '■ G x X —» H and luq : H x Y —> G, defined by 

g.j(h,x ) = j(huH(g : x) -1 , g.x), for a.e. x G X and all h G H, 

h-i(g,y) = i^gojaih^y )" 1 , h.y), for a.e. y eY and all g G G. 

Remark 3.10. To see that ujh, say, is well-defined we proceed as follows: by definition, for 
each x G Ao, where Xq C X has co-null measure, and every g G G, we have g.j(H x {x}) = 
j(H x {g.x}). Hence for each h G H there is a unique element co^\g,x) G H such that 
g.j(h, x) = j(hujx\g, x) -1 , g.x). Further, by almost-equivariance of j, the map h hg uj^\g, x) 
is essentially constant. This defines ujh on G x X 0 , and we extend this to G x X by setting 
oj h :Gx (X\X 0 ) ^ 1 . 

It follows directly from the construction that ujh '■ G x Ao —> H satishes the cocycle identity 
13.91 and so does cog'- H x Y 0 ^ G. That is, c oh,ojg satisfy the cocycle identity a.e. on X 
respectively Y. In the sequel, to avoid the notational inconvenience, we might leave out 
explicit choice of Aq ; Y 0 when no confusion can arise from treating the cocycles as if they 
satisfy 13.91 everywhere. 

Proposition 3.11. The cocycles uhi^c associated with the (G, H)-coupling (Q,fi) are (es¬ 
sentially) locally bounded Borel maps. 

Proof. Fix a compact set K C II such that A h{K) = 1. Then for all g G G. x G X 0 we have 
for a.e. h G K that c Uf/(g,x) _1 = h~ l ■ (ith ° ^^(g.j^.x)). For every / G C(H) we then 
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have, 

(3-1) f(uj H (g,xy 1 )= [ f (V 1 • (n H o (j- l ))(g.j{h,x))) d\ H {h). 

Jk 

Hence for every / e C(H ) the map (g,x) K > /(o;#(g, x) -1 ) is Borel, from which it follows 
that (g,x) i —y u;#(g,x) is Borel. Further, for L C G and Z C X compact sets, the set 
A := {h _1 • ( 7 th 0 x)) | h € K, g E L,x E Z} is relatively compact in H , and by 

(13.ip it follows that uh(L x Z) -1 C A. □ 

To ease notation we also write Oc(h, y) := y)" 1 , and similarly for Cjq. This then 

satisfies the cocycle identity 

ua(gh, y ) = u G (g, V) ■ u G {h, g~ l .y). 

Finally, we define an a.e. G-equivariant map \G '■ ^ ^ G by \g = ^g 0 (* _1 ), that is, Xcif) 
is the unique element Xcif) G G such that Xg(^) _1 -^ G z({1} x Y). Then xg satisfies (and 
can equivalently be defined by) the identity 

(3.2) g~ l .XG{h.i{g 1 y)) = u G (h, y)~ l , for a.e. y E Y and all g e G. 

I 11 particular, xg is a (essentially) locally bounded Borel map. 

4 . Polynomial cohomology of lcsc groups 

In this section we recall the definition of continuous cohomology for locally compact groups. 
We also define, more generally, a notion of "polynomial cohomology", the "linear" (or degree 
one) case of which is the usual cohomology. 

Definition 4.1 (continuous G-modules). Let G be a lcsc group and £ be a locally convex 
topological vector space. We say that £ is a continuous G-module if it is endowed with a 
representation of G on £ such that the action map G x £ —y £ is continuous. A morphism 
ip: £ —y T of continuous G-modules is, by definition, a continuous, G-equivariant linear 
map. We say that ip is strengthened if there is a continuous linear map 77 : T —> £ such that 
(p o rj o (p — (p. 

Observation 4.2. For G a lcsc group and X a locally compact space on which G acts 
continuously by homeomorphisms, the space of continuous functions C(X,£) is a continuous 
G-module for every continuous G-module £, with respect to the standard action ( g.f)(x ) = 
g.f^g^.x). Recall that the topology on C(X,£) is the projective topology generated by the 
restriction maps C(X,£) —> C(K,£) over all compact subsets K of X, that is, the topology 
of uniform convergence on compact sets. In particular, note that if X is second countable 
and £ is a Frechet space (as will often be the case in this paper), then G( X,£) is a Frechet 
space as well. 

Definition 4.3 (relative injectivity). We say that a continuous G-module £ is relatively 
injective if given any diagram 

0 -- T x J- 2 

/ 

V / 

£ 

where u: T\ —> T 2 is a strengthened injective morphism, there is a morphism w. To —> £ 
such that the augmented diagram commutes. 
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Lemma 4.4 ( [17, Chapter III]). Let G be a lesc group and£ be a continuous G-module. Then 
C(G,£) is relatively injective. In particular, the category of continuous G-modules contains 
sufficiently many relatively injectives. Further, there is a strengthened injective resolution 
(with the usual coboundary maps [17]) 

0- £ -- C(G ,£)--- *C(G*,E) -. 

Lemma 4.5 ( [17, Chapter III]). Let G be a Icsc group and let £, T be continuous G-modules. 
Then for any morphism ip: £ —> T and any two relatively injective strengthened resolutions 

0-s- £ - (£.) and 0- T -^ ( J -.) there is a lift pT : £ % —* T % to a (continuous) 

cochain morphism, which is unique up to G-equivariant continuous cochain homotopy. 

Definition 4.6 (differential notation, higher order invariants functors). Let G be a lcsc group 
and £ be a continuous G-module. For each g G G, £ G £ we denote d g : £ g.f — £. For 
d G N we define the d’th order invariants 

£ C(d) := {fe£\V 9l ,...,g d EG-.(d gi o...od gd ).f = 0}. 

It is easy to see that — Cl 'C) j s a left-exact endo functor on the category of continuous 
G-modules. 

Remark 4.7. Below we will use without reference the observation that £ Gldl is the pre-image 
in £ of {£/£ g ^) G . 

Definition 4.8 (continuous polynomial cohomology). Let G be a lcsc group, let £ be a 
continuous G-module, and let d G N. We define the d-tfi order continuous polynomial 
cohomology of G with coefficients in £ as 

H(d)(G,£) ■= ker(d n | gw)/ im(d n-1 | aw), n G N 0 , 

where 0->■ £ -»- (£., d*) is any strengthened, relatively injective resolution of £. By 

standard arguments [17], using the left-exactness of — G(d ) and Lemma 14.51 the polynomial 
cohomology HG (G,£) is a vector space with a (not necessarily Hausdorff) vector topology, 
defined up to (natural, bi-continuous) isomorphism. 

Remark 4.9. A direct computation shows that given any topological G-module £ and any 
£ G £ G< ' 2 \ the map g i —y d g .£ is a continuous homomorphism G —> £. Thus if G has compact 
abelianization we conclude that £ GG2) = £ G for every topological G-module £, and inductively 
that £ GI ' d) = £ G for all such £. Hence for such G, the continuous polynomial cohomology 
coincides with the ordinary continuous cohomology. 

More generally, it can be shown that if d G No U {oo} is the largest extended natural 
number such that G surjects continuously onto a non-trivial nilpotent group of class d with 
no compact subgroups, then the continuous polynomial cohomology stabilizes in degree d+ 1. 

4.10. Frechet G-modules. Let G be a lcsc group and let £ be a continuous Frechet G- 
module. For r G [l,oo) we consider the space L\ oc (G n ,£) of locally r-integrable functions 
£: G n -E £. That is, £ G L r loc (G n ,£) if and only if, for any continuous semi-norm q on £, 
the composition £: G n —y £ qi where £ q is the Hausdorff completion of £ wrt. q, is essentially 
separable-valued and weakly measurable, and f R . q(f(g)) r d\ n (g) < oo for every compact 
set K C G n . Then L r loc (G n ,£), endowed with the projective topology generated by the 
projections onto L r (K, £ q ) with K C G n ranging over all compact subsets and q over all 
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continuous semi-norms, is easily seen to be a continuous Frechet G-module. We will need 
the following observation, originally due to P. Blanc [7]. 

Lemma 4.11 ( [17, Chapter III|). Let G be a lesc group and £ be a continuous Frechet 
G-module. Then for every n e N and every r e [l,oo), L r loc {G n ,£) is a relatively injective 
continuous (Frechet) G-module, and there is a relatively injective, strengthened resolution 

0 — S — LUG, £) —-- L\ oc {G\ £) ■ ■ • . 

It will be convenient later on to consider also G-modules which are not continuous. Let us 
say that a locally convex space £ is a locally equicontinuous G-module if it is endowed with 
a representation n of G on £ such that tt(K) C GL(£) is an equicontinuous set for every 
compact subset K of G. 

Definition 4.12 (continuous points). Let G be a lcsc group and let £ be a G-module. We 
say that a vector £ e £ is continuous (wrt. G) if the orbit map G 3 g t—)■ g.£ is continuous. 
The set of continuous points in £ is denoted c Gq £, or %'£ when no confusion can arise. 

Lemma 4.13. Let G be a lcsc group and let £ be a locally equicontinuous G-module. Then 
LF£ is a closed subspace of £ and, with the subspace topology, is a continuous G-module. 

We leave out the straightforward proof. For us the main use of the previous lemma will be 
the following observation [24]: given any continuous G-module £, any locally equicontinuous 
G-module T, and any G-morphism (that is, continuous linear G-equivariant) <p: £ —> T, the 
range of (p is contained in ’FGF. 

5 . Cohomology of nilpotent groups 

Presently we recall some well-known results concerning the continuous cohomology of nilpo¬ 
tent groups [5,12,30]. In this section, the terminology ’Li is a unitary Hilbert G-module’ 
will mean that Li is either a complex Hilbert space with a unitary G-action, or that Li is 
a real Hilbert space with an orthogonal G-action. All proofs go through verbatim in ei¬ 
ther case, but we do note that one can always recover the latter case from the former since 
H(d){G,£® C) = H(L(G, £)®C. Thus we will employ without hesitation the above conflation 
of terminology. 

Definition 5.1 (Property H T [30]). Let G be a lcsc group and JCI We say that G has 
property Ht{I) if for every continuous, unitary Hilbert G-module Li with Li G = 0, and for 
every n E I, we have 

H n (G,Li) = 0. 

We will write Ht instead of Ht( N) when no confusion can arise. 

Theorem 5.2 (Delorme [12]). Let G be a Mal’cev group. For every irreducible, continuous 
unitary Hilbert G-module Li such that Li° = 0, we have H n {G,Li) = 0 for all n e No. In 
particular G has property Ht- 

Let us give the proof, essentially as due to Delorme. 

Proof. Observe that the latter part of the statement follows from the former: if Li — j () Lit 
is a direct integral decomposition of an arbitrary (separable) continuous unitary Hilbert 
G-module Li, it follows by duality arguments (see e.g. [17] for the degree 1 case, the higher 
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degrees being entirely analogous) that 77" (G, 77) — 0 if 77" (G, TL t ) = 0 for a.e. t E hi. Finally, 
observe that any 77 is an increasing union of a net of separable, invariant subspaces. 

Let G be a Mal’cev group, let 77 be a non-trivial irreducible, continuous unitary Hilbert 
G- module and denote the G-action by n: G —> IA{TL). We prove the claim by induction on 
dining. Let Z < G c \{q) be a closed subgroup, isomorphic to Z or R as appropriate, and let 
z E Z be the element corresponding to 1 G Z. 

Let gZ : = vr(L 1 G)" be the von Neumann algebra generated by tt(L 1 G) in 73(77). Since 
77 is irreducible, it follows that there are no non-trivial central projections in gZ, and so by 
spectral theory it follows that Z(gZ), the center of gZ, is trivial, that is Z{sZ) = C.l. 

In particular n\z acts as multiplication by a character on 77, say, tt(z) = where 

X- Z — y T is a continuous homomorphism. If x is non-trivial the claim follows directly 
from [17, Proposition III.3.1]. Hence we may assume that x = 1, i n other words, that 
77 z = 77. As G-rnodules, we then have H l (Z, 77) = 77 for i = 0,1 and vanishing otherwise. In 
particular, H l (Z, 77) is Hausdorff and so the Hochschild-Serre spectral sequence in continuous 
cohomology exists and has T^-term [17] 

E p ’ q = H p (G/Z,H q (Z,H)) = 

By [17], the cohomology groups are (continuously) subquotients of the (total) T^-terms, 
whence by the induction hypothesis, which gives H P {G/Z, 77) = 0 for all p, we conclude that 
77"(G, 77) = 0. This finishes the proof. □ 

It will be convenient for us to have the following alternate form of Delorme’s Theorem. 

Theorem 5.3 (Delorme). Let G be a Mal’cev group and suppose that Li is a continuous, 
separable unitary Hilbert G-module. Then there is an increasing sequence of closed invariant 
subspaces ( 77 i)* S N such that U {Hi is dense in Li, Li G C 77 * for all i, and such that the canonical 
map induced by inclusion, 

H n (G,H G ) —> H n (G, Hf) 

is an isomorphism for all n and all i. (That is, it is continuous, linear, with a continuous 
linear inverse; In particular, it is part of the conclusion that 77 n (G,77*) is Hausdorff if TL G 
is finite dimensional.) 

For later reference, we single out the vanishing property appearing in this version of De¬ 
lorme’s Theorem. 

Definition 5.4 (Strong property Ht). Let G be a lcsc group and I C N. We say that G has 
strong property Ht in 7, denoted Hf(I), if for every continuous unitary Hilbert G-module 77 
such that 77 G = 0, there is an increasing net (77*) of closed invariant subspaces 77* of 77, such 
that U*77* is dense in 77, and such that for all n El and all i E N, we have H n (G, 77*) = 0. 

Remark 5.5. Note that by spectral theory, property Hf is equivalent to property Ht for 
every countable discrete group T with finite classifying space BY. 

Proof of Theorem \5.3[ Observe first that, taking orthogonal complements, it suffices to prove 
the statement in the special case 77 G = 0. To this end, note that the statement is true for 
G = Z, where Z is either Z or R: indeed, in this case we can write 77 as a direct integral 
77 = jf 77 x d/i, such that Z acts on each 77 x by multiplication by the character x- (Caveat: 
the measure p over which we integrate need of course not be the Haar measure on the dual.) 


f H p (G/Z,H), q — 0,1, 
\ 0, q> 1 
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Since in this case Ti z = 0 we have /i({ 1^}) = 0, and by [17, Proposition III.3.1] we may 
take Tii := for any decreasing sequence of relatively compact, open sets U t such that 

n iUi = {1 z} (in T respectively R). For a more detailed version of this argument, see Remark 
15.61 below. 

In general we now proceed by induction on dim® g as in the proof of Delorme’s Theorem 
given above. Given a Mal’cev group G and a Z < G c \(g) we write Ti = /C © Ti z , where 
/C is the orthogonal complement of Ti z . Then for H n (G,JC) we disintegrate again /C over 
Z and take /Cj as in the preceeding paragraph, appealing to [17, Proposition III.3.1], and 
for H n (G,Ti z ) the claim follows from the induction hypothesis using the Hochschild-Serre 
spectral sequence in continuous cohomology. □ 

Remark 5.6. Let Z be either Z or 1, z = 1 E Z < Z, and let Ti be a unitary Hilbert 
Z-module, denoting the representation of Z on TL by 7r: Z —> U(T-L). In this remark we give 
exhaustive details on the computation of H*(Z,Ti) and construction of the subspaces Ti, in 
the first paragraph of the preceding proof. We first explain the case Z = Z. Observe that 
the cohomology can be computed using the relatively injective resolution 

0-- T-L -U- C(Z, T-L) C(Z, U) -- 0 , 

where i is the embedding as constant functions, and (d£)(n) = £(n) — £(n — 1). Taking 
invariant functions it follows therefore that (as always, H°(Z,Ti) = Ti z ) for n > 2 we 
have H n (Z,Ti) = 0, and that i7 1 (Z, T-L) = Ti/{ 1 — z).Ti. Since 7r(l — z) E 7r (Z)" is a 
normal operator in the von Neumann algebra generated by 7r(Z), the Borel functional calculus 
implies that, for any compact set K C spec(7r(l — z)) \ {0}, the operator (where E K denotes 
the spectral projection of 7r(l — z) corresponding to K , that is the operator 1 a(vt( 1 - z)) 
on Ti given by the Borel functional calculus) Ek-T^{ 1 — z): Ek-TL —> Ek-TL is invertible. 
By [17, Proposition III.3.1] we thus have H 1 {Z 1 Ek-TL) = 0. Further, since Ti z = 0 we have 
ker7r(l — z)7r(l — z)* = ker 7r(l — z -1 ) = 0 whence im7r(l —z) — im7r(l — — z)* is dense 

in Ti. Thus if we let TQ C spec(7r(l — z))\{0}, i G N be compact subsets such that Ki C K 2 C 
• • • C U iKi = spec(vr(l - z)) \ {0}, we have U i{E K ..Ti) = lspec(ir(i-a))\{o}(^(l “ z)).H = Ti. 
Note with respect to the second part of the proof of Theorem 15.31 that the subspaces )C, are 
by definition equal E^ t .TC where Ex, G it(Z)" C 7r(G) // are spectral projections of 7r(l — z) 
still. In particular the /Cj are thus G-invariant subspaces of /C since tt(Z)" is contained in the 
center of 7 t(G)". 

We observe that the case Z — Z is in fact sufficient to conclude that proof. Indeed, in 
the computation of H*[GjZ,Ti z ) needed for the spectral sequence argument, one can then 
observe that even in the case G c i^g) — the center of G/Z now contains a copy of R/Z, 
which can be quotiented out for free since by standard arguments we always have, for any 
locally compact group H, any compact normal subgroup K, and any Frechet //-module S, 
that H*(H,£) = H“( k H/K,£ k ). Thus the induction proceeds as before, concluding the proof 
of 15.31 However, it is instructive in any case to compute H*(R,Ti), so let us give the details 
for the readers convenience. 

We recall from [17, Chapter III. 1] that for any Lie group G and any quasi-complete G- 
module £, the module of smooth functions G°°(G, £) is a relatively injective G-module. In 
the case of Z — R, there is a relatively injective resolution of Ti as follows: 


0 


Ti -U. G°°(Z, Ti) —^ C°°(Z, Ti) 


0, 
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where t is again the embedding as constant functions, and now the coboundary map d is 
differentiation. Recall also that the representation tt of Z in H induces a derived represen¬ 
tation dn of the Lie algebra 3 = R of Z, on the space of smooth vectors H,°° in Ft. For 
some details and further references on this we refer to [17]. The point is that there is an 
unbounded, densely defined self-adjoint operator dir(y), where 3 3 y = log(z), acting on Ft, 
affiliated with ix{Z)", and such that n(z) = exp(dn(y)). Further, since Z is one-dimensional, 
the space FL°° of smooth vectors in Ft is precisely the domain of dn(y). Given all this, ap¬ 
plying the invariants functor to the relatively injective resolution above, it is not hard to 
see that H l (Z, Ft) = Ft 00 / im(d7i(y)). By essentially the same argument as above, we then 
get the result by taking spectral projections, say P n := l(-oo,i/n]u[i/n,+oo)(dvr (|/)),n G N, for 
which again P n /* 1 and Pt 1 (Z, P n .FL ) = 0. 

The following corollary provides a very direct and useful extension of Delorme’s Theorem. 
The important case, as is clear after the exposition in the following two sections, is the case 
where J- = C(G,M.) G< ' d ' ) for some d G N, as this corresponds by the results in Section [ 6 ] to the 
polynomial cohomology with coefficients in Ft. 

Corollary 5.7. Let G be a lose group with property Hi), e.g. a Mal’cev group, and £ = FtZ)J- 
with Ft a continuous unitary Hilbert G-module, and T a continuous G-module such that 
T = for some d G N and dim J 7 < 00 . Then the natural inclusion map FL G ® J- —* £ 

induces an isomorphism 

H n (G , H G <g> T) —- H n (G, £) . 

Proof. Indeed, denoting K. := ('H G ) ± we have 

H n (G ,£) = H n (G,JC®P)®H n (G,'H G ®P). 

Choosing a sequence (Kfji of invariant subspaces of 1C as in the theorem, we have by 
induction on d and the long exact sequence in cohomology that H n (G , /Q T) = 0 for all i. 
Since /C <E> T admits a continuous G-equivariant projection Pk„ <S> 1 onto /Cj ( 8 ) J 7 for all i. it 
follows that H n (G, Hi ® P) = 0. ‘ □ 

As a small digression, let us observe that the vanishing of reduced cohomology in Delorme’s 
Theorem can be extended quite a bit, thanks to [5]: 

Theorem 5.8. Let G be a Mal’cev group. For any weakly almost periodic (continuous) 
isometric Banach G-module £ such that £ G = 0 we have 

H n (G,£) = 0, n G N. 

Definition 5.9. In general, we will say that a lcsc group such that H_ n (G,£) = 0 for every 
weakly almost periodic, continuous, isometric Banach G-module £ and all n G / has property 
H™ ap (I). 

Proof of Theorem \5.£[ We proceed by induction on dimg, the case dirng = 1 being clear 
(e.g. by [5]). Given a Mal’cev group G with dim g > 1, let Z < G c1 ( G ) be a closed subgroup, 
isomorphic to either Z or R as appropriate. Let £ be as in the statement above. By the 
Alaoglu-Birkhoff Decomposition Theorem [1] there is a G-equivariant decomposition £ — 
T ©1 £ z with T < £ consisting of the set of vectors £ G £ such that 0 G conv(Z.£). In 
particular T z = 0. Then we decompose (bi-continuously) as well the cohomology H n (G, £) = 
H n (G,P) © H n (G ,£ z ) and note that by [5, Theorem 2] we have 77 n (G, J 7 ) = 0. 
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To handle the second term, we observe that, as G-modules, we have H l {Z,£ z ) = £ z for 
i — 0,1 and vanishing otherwise. In particular, IT (Z. £ z ) is Hausdorff and so the Hochschild- 
Serre spectral sequence in continuous exists and has F^-term [17] 

E™ = H p {G/Z,H q {Z ,£ z )) = | HP ( G /Z,£ Z ), q =^ . 

By [17], the cohomology groups are (continuously) subquotients of the (total) _ZT 2 -terms, 
whence by the induction hypothesis, which gives H_ P {G/Z, £ z ) = 0 for all p, we conclude 
that F7 n (G,£ z ) = 0. This finishes the proof. □ 

In the sequel we will need a further generalization of Delorme’s result. To wit, we will 
consider in particular certain continuous G -modules £, for which £ G ^ £ Gqi \ but where £ 
does not seem to admit a decomposition as in Corollary 15.71 But since £ G is the pre-image 
in £ of {£/£ G ) ’ it follows by [24, Lemma 1.2.10] that £ cannot possibly be isometric. To 
state the result it will be convenient to formally single out the modules we will consider. 

Definition 5.10 (poly-Hilbert module). Let G be a lcsc group. We say that a continuous 
Frechet G-module £ is a poly-Hilbert module (respectively poly-wap module, respectively 
poly-isometric) if there is a sequence of closed G-invariant subspaces 0 = £ 0 < £\ < £2 < 
• • • < £d — £, such that for every i, £ i j£ i _\ is a unitary Hilbert G-module (respectively 
the subquotients £i/£i- 1 are Banach spaces and the G-action is isometric and weakly almost 
periodic, respectively the subquotients £i/£i -1 are isometric Frechet G-modules). 

Such a sequence (£,') is a called a composition series of £ and d its degree. Formally, when 
we say ’let H be a poly-Hilbert G-module’, part of the data is a given composition series, 
that is the data is really the pair (77, {'Hi)). 

The naive idea when trying to compute the cohomology with coefficients in, say, a poly- 
Hilbert G-module H, is to proceed inductively, using the long exact sequence in continuous 
cohomology and thus reduce to a series of computations of cohomology with coefficients in 
Hilbert G-modules and certain maps between these. However, typically we might want to 
conclude vanishing of the reduced cohomology with coefficients in H, but the long exact 
sequence in cohomology does not in general induce an exact sequence in the reduced coho¬ 
mology spaces. In order to get around this problem we will need the following construction. 

Let G be a lcsc group with property H®, and let H be a continuous, separable poly-Hilbert 
G module with composition series {Hi). For each i — 1,..., d let {JCj)j be a fixed sequences 
of closed, G-invariant subspaces of Hi/Hi -1 as in Theorem 15.31 that is, (/C ^)j is an increasing 

sequence with union dense in Hi/Hi -1 and such that {Hi/Hi- i) G C K G for all j. For stupid 
technical reasons we will need the following construction. We claim that there is a separable, 
continuous Frechet G-module E such that H embeds continuously in E with dense image, 
and such that, letting Ej = i{Hi), we have for all i — 1 ,..., d 

Hi/Hi -r = lim K.f. 

We construct E inductively. The construction is clear for d — 1. Having constructed Ed -1 
satisfying the above for Hd-i in place of H, we construct E as follows. Denote the canonical 
projection H —> H := H/Hd -1 by 7 r and let cr. H —> Hd-i be a continuous section as given 
by the Michael Selection Theorem and denote k\ H H: ^ 1 —>• ^ — (cr ° 7r)(^). Consider the 
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maps 

t(0,k(0), 

(p , :'Hx Hd-i (£,r)) cr(£) + 77 . 

A direct computation shows that cp' = (p~ 1 , and so we get a homeomorphism T~L = 7/x7/^-1- 
On the right-hand side, the G-act ion can be expressed as 

: = <p(9-<p'(£,v)) = (g-£,oi(g,£) + g.rj ), 

where or. G x 7/ —$■ Hd-i is the continuous cocycle given by a(g,£) = ft(g■&(£)). In this 
way, we can extend the G-action continuously to the intermediate space T' := 7/ x Td- 1 - 
Similarly, the addition and scalar multiplication on 7/ extend continuously to T' so that this 
is a continuous Frechet G-module. Now denote by 7r: T' —> 7/ the canonical projection, and 
take 

T := Iim7r _1 (/C^). 

^3 

Note that, if we write £,\ d> := IC (d> and inductively £ {d) : = j C\ldf \ the definition 

gives that TdjTd -1 = I n particular, we observe that (by induction) we have for all 

i — 1 ,..., d that 

(5.1) H n (G, TifTi-x) = H n (G , (i). 

In particular, if (7/j/7G_ i) G = 0 for all i it follows that // n (G, = 0 - that is we 

get vanishing of cohomology on the nose, not just of reduced cohomology. 

Remark 5.11. Alternatively, given Td -1 we can construct T as follows. For simplicity we 
denote K, := T~Ld- 1 , considered as a continuous G-module with the subspace topology induced 
by the inclusion /C C Td-\- By definition T,i~\ is the completion of 1C. 

Now observe that the topology on /C can be induced by a continuous metric on 7/. Indeed, 
it is easy to see that we can find a (countable) neighborhood basis {1/^}^ of zero in /C such 
that Ui = /C fl U- where each U[ is a convex neighborhood of zero in 7/. 

Similarly we consider the morphism 7r: 7/ —>■ T7 c!f } where 7/ = as above. Letting 

be a convex neighborhood basis of zero in we define V, := 7r _1 (F/),i G 

Af. Now consider on 7/ the topology generated by {//*}* U {!/)}« and denote the resulting 
continuous G-module by J 7 '. It is clear that the completion of T' is precisely T as needed. 

Definition 5.12 (//^-completion). Given G and 7/ as above, we call the continuous G- 
module J 7 constructed above the //^.-completion of (//, (/C^)). Below we will abuse termi¬ 
nology whenever possible and write simply ’let J- be the/an //^-completion of 7/’ when no 
confusion can arise. 

Note that the topology on the //^-completion T of 7/ as in the previous definition does 
not depend on the choice of section(s) in the construction. 

Definition 5.13. Let G be a lcsc group. We say that G is cohomologically finite dimensional 
if dini]R H n (G, £) < 00 for every continuous finite dimensional continuous G-module £ and 
every n G N. 

Remark 5.14. (i) Every countable group Y with finite classifying space BY is cohomolog¬ 

ically finite dimensional. 
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Every connected Lie group G is cohomologically finite dimensional. This follows from 
the van Est Theorem [33,34], 

Mal’cev groups are cohomologically finite dimensional. Indeed let G be a Mal’cev group 
and let £ be a continuous finite dimensional G-module. It is easy to see that H n (G,£ ) 
is finite dimensional for all n G N, using the Hochschild-Serre spectral sequence in 
continuous cohomology. Alternatively, using the smooth version of Shapiro’s Lemma 
in [17, part III], one can reduce to Lie algebra cohomology and apply the spectral 
sequence there. 

Theorem 5.15. Let G cohomologically finite dimensional, lose group with property Hf. 
Suppose that 'LL is a continuous poly-Hilbert G-module such that dim ^H a ^ < oo, and with 
a composition series such that: 

(i) For every i = 1 we have H aGi < Hi, and the natural map H c ^/H G ^~^ —> 

(Hi/Hi^. i) G is an isomorphism. 

Let T be any Hf-completion ofH. Then in the commutative diagram 

H n (G,H G ^) -- H n (G,H) , 

H n (G,T) 

the natural map 6 *: H n (G,H G ^) —> H n {G,T) is an isomorphism. Moreover, Suppose that 
instead of (i), the pair H , T satisfies the (a priori weaker) assumption as follows: 

(ii) We have dirim J rGI ' <l ' > < +oo, and for every i = 1 ,d we have T G ^ < T % , and the 

natural map ( Ti/Ti-i) G is an isomorphism. 

Then the natural map 6 *: H n (G, T G ^ d ') —> H n (G,T) is an isomorphism. 

Proof. To prove the theorem we proceed by induction on d , noting that the case d = 1 follows 
directly from the Delorme Theorem 15.21 and the construction of IF. Fix a d > 1. Observe that, 
by construction we have i) G = (Hi/Hi-i) G . Note that T satisfies the hypotheses of 

the theorem, with ’poly-isometric’ replacing ’poly-Hilbert’. Then so does £ := T / £F G ^ d \ with 
£i := Ti, the image of T, under the canonical projection: by the construction of T and the 
hypothesis (i), it follows that (£j/£*_i) G = 0 for all i — 1 ,..., d: indeed, suppose that f G T % 
such that f G (£;/£j_i) G ; by definition, this means that d g .f G i + for all g, that is, 
if 7r: Ti —> TijTi -1 denotes the canonical projection, that < 9 9 . 7 t(£) G 7 t (T g ^) = (Ti/T^i) G 
for all g, where the equality follows from hypothesis (i) in the statement. By construction, 
{Ti/T^fW = {Ti/Ti-f) 0 , since the quotient is a product T/T-i = £j of G-modules 

Cj for which = C G by [24, Lemma 1.2.10]. Thus 7 t(£) G (Ti/T- i) G , that is, f = 0 in 
Si/Si-i. 

We claim first that H n {G,£) = 0 for all n. To see this, note that £ is the //^-completion 
of H/H G ( d f The claim then follows from (15.ip and induction on d , using the long exact 

sequence in continuous cohomology induced by 0 -»■ £d -1 -^ £ ->- £/£d -1 -^ 0 . 

Considering the long exact sequence in continuous cohomology induced by the short exact 
sequence 





0 


n G(d) T 
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we get in degree n an exact sequence 

H n -\G, £) H n (G , U GW ) H n (G, T) // n (G, 5) . 

As we just observed above, H n ~ l {G,£) = H n (G,£) = 0 and so t* is a continuous linear 
bijection. Further, since T is Frechet and H n (G, T) is finite dimensional (since t* is surjective 
and G is cohomologically finite dimensional), it follows [17, Lemme D.l(ii)] that // n (G, J 7 ) is 
Hausdorff. By uniqueness of the vector space topology on a finite dimensional vector space, 
A is then an isomorphism. This finishes the proof in case (i), and case (ii) follows by a similar 
argument argument. □ 

Remark 5.16. We do not know if in fact the map H n (G,FL G ^) —> IT 1 (6*. PL) is always an 
isomorphism. 

6. COHOMOLOGICAL INDUCTION THROUGH A MEASURE EQUIVALENCE 

In this section we prove a "reciprocity theorem", analogous to [25, Proposition 4.6], in the 
context of polynomial cohomology. As an application of this, using the self-coupling (G, A) 
of a lcscu group G, we derive a description of the polynomial cohomology (G, £) in terms 
of linear cohomology. 

6.1. Function spaces on 12. Let (O, /r) be a standard Borel measure space. In particular 12 
is cr-finite, and furthermore we can find an increasing sequence 12^ C 12 of relatively compact 
subsets such that for any compact set K C 12 we have fi(K \ £l k ) = 0 for all sufficinetly 
large k. Thus for any 1 < r < oo and any Frechet space £, we can unambiguously speak 
of the space L[ oc (12,£). Recall that this is the projective limit lim^ 77(12*,, £ q ) over k G N 
and q running through a net of continuous semi-norms on £, separating points, and thus 
generating the topology. Note that this is a complete G-module, and is a Frechet space if £ 
is. Analogously we define L&faS). 

Suppose now that (12, /i) is a (G, Z/)-coupling for lcscu groups G, H. For any continuous 
Frechet G x //-module £, consider L r loc (£l,£) with the canonical G x //-module structure 
given by 

((g, h).f)(t) = (g, h).f((g , h)-\t), f E L\ oc { 12, £), t e 12. 

More generally, for any n G No we can consider the G x //-module L ld Gn x with 
he action 

= (g,h).f(g~ 1 g ll ...,g~ 1 gn,(g 1 h)- 1 .t), f e L r loc (n,£), g t e G,t e 12 
and analogously for L r loc (H n x 12, £). 

Lemma 6.2. For any n G No, 1 < r < oo, and any continuous Frechet G x H-module £, 
L r loc (G n+1 x£l, £) is a continuous, relatively injective Frechet GxFl-module. So is Li„(7/“+‘x 

n ,£). 

Proof. Indeed, since j, j 1 are bounded and equivariant, we have 

n„(G" +1 X au = £L(G X h,l\ O0 (G" x X,£)), 

and similarly for //. The lemma then follows by [17, Proposition III.1.4]. □ 
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6.3. A reciprocity theorem. As a consequence of the previous lemma, we can compute the 
polynomial cohomology of G x H with coefficients in L[ oc (f2, £) using either the strengthened, 
relatively injective resolution 

d° d 1 

(6.1) o —- qjsi,e) -u. L\jG,L\ja,£)) -2- L\jG\L\jn,£)) —i • • ■, 

or the strengthened, relatively injective resolution 

d° d 1 

( 6 . 2 ) 0 -- L' lcc (n,£) L\JH,L\ja,£)) — L^H^L^E)) —- ■ ■■ . 

where in both cases, the coboundary maps are the usual ones from the bar resolutions of G, 
respectively //-modules. The following result is then the direct analogue of [25, Theorem 4.6] 

Theorem 6.4 (reciprocity). Let d,d! G N, let G,H be Icscu groups, let (f2,/i) be a ( G,H )- 
coupling, 1 < r < oo, and let £ be a continuous Frechet G x H-module. Then there is a 
chain map from (16. ip to (16.21) . lifting the identity map on L r loc (£l,£), given by (where xg 
is as in (13. 2p ) 


(X n f)(h o,... , h n )(t) = f(xa(K ^)> ■ • •» XciKh)) (t). 

Further, x* descends to an isomorphism 

X '-A H^(H,LUSl,£f^) 

Proof. As we noted when we defined Xg : ft —)■ G in Section [3] it is a locally bounded Borel 
map, and it follows from this that the maps y n : L r loc (G n+1 , L r loc (£l, £)) —> L r loc (F[ ri+1 , L r loc ( ft, £)) 
are well-defined, continuous G x //-morphisms; clearly they commute with the coboundary 
maps as well. Now consider the left-exact "higher order bi-invariants" functor G(d) x H(d') 
on the category of continuous G x //-modules, defined by 

£G(d)xH(d') _ gG(d) pj gH{d’) 

We denote the derived functors by H* dd ,^(G x H, — ). By the above, we can compute these 
in L r loc ( ft, £) using the resolutions (16.11) . respectively (16.21) . and it remains to identify 

H{ d) (G,LUn,£) H(d,) ) = H^G x H.LJJil.S)) = H^H,L\ cc ((l,£f^), 

using the complexes (16.11) . respectively (16.21) . which is clear. □ 

Remark 6.5. Note that in general £°( d ) n £ H ^ need not equal £^ GxH ^ d '>. 

6 .6. The tautological self-coupling. Recall that any Icscu group G induces a (uniform) 
(G, G)-coupling, called the tautological (self-)coupling, by setting (ft,/x) = (G, A) and let¬ 
ting G x G act by ( g,h).t = gth~ l . Presently we note the following modification of the 
reciprocity theorem just proved to give a description of polynomial cohomology with trivial 
coefficients in terms of linear cohomology. In the statement we will write PoR_i(G) for the 
space G(G,M) G( ' d - ) with respect to the right-regular representation. See the introduction, or 
Section [7] below for explanations of this terminology. 

Observation 6.7. Let G be a lcsc group and (: G A R be a Borel map such that £ G 
{£: G —y for some d G N. We claim that £ is in fact continuous; to prove this we 

proceed by induction on d. For d — 1 this is trivial since £ is then constant. For d = 2, £ is 
an affine homomorphism, that is, a homomorphism plus a constant translation. In this case 
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the claim follows from a well-known argument of Banach. In fact, recall that if rj: G — > £ 
is a Borel 1-cocycle into a continuous, separable Frechet G'-module £. then £ is continuous. 
(We will apply a very similar argument below, and thus will not recall Banach’s argument 
here.) 

Now we consider the map : g H > £ taking values, by the induction hypothesis, in 

M). Further, a direct computation shows that, considering C(G,M) with the right- 
regular representation, a | satisfies the 1 -cocycle identity: a^(gh) = p(g).a^(h) + a^(g) for 
all g,h G G. Another direct computation shows that a % is weakly Borel, that is, for each 
tp G C(G, M)* = lim^. C(K, M)* the function g i—>■ ip(a^(g)) is Borel. Since C(G, M) is a 
separable Frechet space the weak and strong Borel structures coincide, and so a% is strongly 
Borel. By the argument of Banach, it follows that a g is continuous. 

Now let K CGbea compact set, not of measure zero, and such that £|k is continuous. 
The existence of such a set is guaranteed by Lusin’s Theorem. We want to prove that for 
sequences (x n ), (y n ) C K converging to x respectively y in K, we have f(x n y n ) — > n f(xy). 
By a "subsequences of subsequences" argument, using the compactness of K, this is easily 
seen to imply that £ is continuous on K 2 . To see the claim, we write 

(6.3) £0 n y n ) = (V £)(ar„) + £(z n ). 

By the continuity of a £ (and compactness of K ) it follows that (fh/ n £)0 r n) ~^ n ON/O( x ), 
and so we conclude that indeed f(x n y n ) —> n f(xy). By a well-known result of Weil, K 2 
contains an open set U. Using again (16.31) it follows that £ continuous on all of G. 

Proposition 6.8. Let G be a lesc group, d e N. Then: 

(i) There are isomorphisms r*: L/W(G, Pold_ 1 (G r )) H* d ^(G, M), given on cochains by 

C^Ofao, ■■■:9n) = £(0o, • ■ • , 0n)(l) 

and with inverse 


r.n\— 1 / 


U"”> ± (€)(ff0 ,---,9n)(t) = £(* 1 fi , 0; 


<t 1 g r , 


(ii) More generally, let G\ = G 2 = G and suppose, for simplicity, further that G is unimod- 
ular. For any coefficient G-module G rV £, endowing this with the G± x G 2 -module 
structure given by (gi,g 2 )-£ = 7 r (fi , i)-£? the map \ from the Reciprocity Theorem 6.4 
gives an isomorphism 


X* : H\G u L]JG,£)°M) % H^(G 2 ,Lija,£) Cl ) = Hfa(G,£). 

Furthermore, note that H" (Gi, L) oc (G, £) G ’ 2 ^) = H 9 (G,Po\d-i(G)%>£) where Pold_i(G)(g)£ 
denotes the projective tensor product o/Pol d _ 1 (G) < L] oc [G, M). In particular, if G is 
residually Mal’cev, then dim K PoG(G') if finite for every d, and so we can write simply 
H*(Gi, L} oc (G, £) G2 ^) = H'(G,Pold-i(G)®£) 

Proof. Part (i) follows by exactly the same argument as in the proof of Theorem 16.41 replacing 
everywhere L[ oc -spaces by spaces of continuous functions. Part (ii) follows directly by the 
Reciprocity Theorem 16.41 □ 


Remark 6.9. Let us denote r' := (r 1 ) 1 . Using notation from Section [7] below (see Propo¬ 
sition [7!T]), we can describe r' explicitly on the level of inhomogeneous cocycles. We have for 
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a continuous homogeneous polynomial 1-cocycle £ that, for g, h G G, 

VO(g)(h) = (T'm,g)(h) 

= ^/T 1 ,/^) 

= l{h~ l g) - ^(h- 1 ) 

= (%0(h~‘) = (a„i) (h). 

Corollary 6.10. Let G be a cohomologically finite dimensional lose group. Then dim® PoG(G) 
+oo for all dsN. 

Proof. By induction on d. Observe first that dirriR Poli (G) = 1 + dim® H 1 (G, M) < +oo. The 
inductive step follows then directly from part (i) of the proposition. □ 

Corollary 6.11 (long exact sequence in polynomial cohomology). Let G be a lcsc(u) group 

and let 0- T ——>■ Q -0 be a short exact sequence of continuous Frechet 

G-modules. Then for every d € N there is a long exact sequence in polynomial cohomology 


■ ■■ — y„)( G ' D — »<V G ’ -D — Q) — h-+\g, 

where all maps are continuous. 

Proof. Given a short exact sequence of continuous Frechet G-modules as in the statement, it 
is easy to see that the corresponding sequence 

0-- Pol, i{G)®£ —U- Pol d (G)®J r Pol d (G)®g-- 0 , 

where Pol^(G) < Lj oc (G), is exact as well. Hence the statement follows directly from the 
long exact sequence in continuous cohomology [17] and Proposition I6.8f ii). □ 

Remark 6.12. Of course, the long exact sequence in polynomial cohomology can also be 
established directly via a diagram chasing argument. 


6.13. Naturality with respect to the long exact sequence. In the sequel we will need 
the following observation concerning the map in linear cohomology induced by a measure 
equivalence: 


Lemma 6.14. Let (O, /r) be a (G, H)-coupling, and let 0—)■£—)-0 be a 
short exact sequence of continuous Frechet G x H-modules. Then for the isomorphisms 
X* : R*(G, Lf oc (X, —)) — > H*(H, Lf oc (Y, —)) ; as given by the Reciprocity Theorem \ 6.f\ the 
induced diagram of long exact sequences 


- ^ H n (G,Ll c (X,£)) 

x 

-^ H n (H, Lf oc (Y,£)) 

is commutative. 


R”(G,L 2 (X,^)) 

x 

H n (H, L 2 (Y,F)) 


HaG,LUX, Q)) 

x 


Proof. On the level of inhomogeneous cochains (in particular on inhomogeneous cocycles), x 
is given by 

(x n £)Oi> ■ ■ ■, h n )(t) = XG^.aXGit^Xaihfh ),..., xait^XaiKH^ixoityH). 
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The only statement needing proof is that x* commutes with the connecting maps in coho¬ 
mology. To this end let £ G Z n (G, L 2 oc (Q, Q) H ) (recall that we freely identify L 2 oc (£l, —) H 
with L ioA X i -)) and let £ G L 2 loc (G n , Lf oc (Q,} 7 ) H ) be a lift of £. Then y n (£) is a lift of y n (£), 
and clearly we have y n+1 (d n £) = d n (y n £). Thus if we let 7 / denote the cocycle representative 
of <5(£) constructed using the usual diagram chase, given the lift £ fixed previously, it follows 
that X n+ 1 (v) i s a cocycle representative of <5(x n (£)), constructed as well via the usual diagram 
chase, given the lift y n (£) of y n (£). □ 

7 . Real-valued polynomial maps on groups 

Let G be a lcsc group, £ a locally continuous G-module, and consider the standard relatively 
injective resolution 

0-- £ C(G, £) C(G 2 , S) C(G 3 , S) -- 

For any £ G C(G 2 ,£) we denote by £ G C(G,£) the restriction £(g) = £(1 ,g),g G G. For 
functions £: G —> £ we define also the unitized difference operator by 

&£)(/*) := (9 P 0W“(^0(1)- 

The following proposition generalizes the usual description of inhomogeneous 1-cocycles. 

Proposition 7.1 (polynomial 1-cocycles). Let G be a lcsc group, £ a continuous G-module, 
d G N. Then the map £ i—>■ £ is an isomorphism from C(G 2 , £) G ^ D ker(d 1 ) onto the space 
of functions 7/ G C(G,£) satisfying either of the following equivalent conditions: 

(i) 7/(1) = 0 and for all g±,.. .gd we have ( d gi o ■ ■ ■ o d gd )[rj) = 0, 

(ii) 7/(1) = 0 and ?/ G C(G, £) G<yd+1 f 

Proof. The equivalence of (i) and (ii) follows easily by induction on d. Suppose that £ G 
C(G 2 ,£) g ^ nker(cd) holds. Then we compute: 

dg(0( h ) = {9g^)(l,h) = g.f^.g^h) -£(1 ,h) 

= g£(t,g- x h) +g.£(g~ 1 , 1) -£(1 ,h) 

= g£(t,g- x h) -£(1 ,h) - c/.£(l,c/ _1 ) +£(1,1) 

= (a 9 £)(h)-(a 3 £)(l), 

which then immediately implies that (i) holds for £. For the other direction, suppose that (ii) 
holds for some rj G C(G,£). Then, letting £((/, h) = 7/(h) — 77 (g) G C{G 2 ,£) and running the 
above computation in reverse we see that £ G C(G 2 , £) G ^ nker(d 1 ). This shows surjectivity 
of £ I —y £. Injectivity is clear. □ 

Example 7.2 (quadratic 1-cocycles). By the proposition, we may describe the inhomoge¬ 
neous "quadratic" 1-cocycles £: G —» £ as precisely those unital maps for which, for all 
g,h G G, (d g o dh)f is constant. Computing this we get 

(d g ° d h )(f)(k) = gh.fGghy'k) - gf(g~ l k) - hffh^k) + £(fc) 

= ghfdgh)- 1 ) - g.£(g _1 ) - /i.£(/i _1 ), 

where the second equality follows by letting k = 1. This can be rewritten as 

f(ghk) = £(gh) + gf(hk) + ghg~ l f{gk) - ghg~ l f{g) - gf(h) - gh.f(k), g,h,ke G. 
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Ill the remainder of this section we focus on polynomial 1-cohomology with trivial coeffi¬ 
cients S — R. In this case, the maps G —> R satisfying the conditions (i),(ii) in the previous 
proposition are called polynomial maps on G , see e.g. [21], The (abstract) notion of polyno¬ 
mial maps on groups seems to go back at least to [3,20]. We now formally define the space 
of polynomial maps: 

Definition 7.3 (polynomial maps). Let G be a lcsc group and let £ G C{G , R). We say that 
£ is a polynomial of degree at most d G Z* if for all gi, ..., g d+ \ G G we have 

( 7 - 1 ) (d 9 i o ---°d gd+1 )(0 = 0 . 

The degree deg£ of a polynomial map £ is the smallest number d such that £ satisfies (17.11) 
for all gi,..., g d+ \ G G, that is, the smallest d G Z* such that £ G C(G, M) G ( d+1 ), with the 
convention that the degree of the constant zero polynomial is degO = — oo. We denote for 
convenience Pol rf (G) := C(G, M) G ( d+ b and Pol(G) = U d Pol d (G). 

Remark 7.4. The following observation will prove useful: let us define for any function 
£: G —> R the right-difference 

(b» 9 £)(h) :=£(%) -£(h). 

Then by induction on d it is easy to see that £ G C(G,R) is a polynomial map of degree at 
most d if and only if for all gi, ..., g d+ 1 GG we have 

( 6 ffi°-° 6 jJ(£) = °- 

That is, left-polynomials and right-polynomials coincide [21, Corollary 2.13], and the degree 
of a polynomial map £ into R coincides for left- and right-differentiation. For a more general 
result, see [21, Proposition 3.16]. 

Proposition 17.11 thus says, in particular, that with trivial coefficients, the space of poly¬ 
nomial degree d, homogeneous 1-cocycles in the standard resolution is isomorphic to the 
space of (continuous) unital polynomial maps of degree at most d. The following proposition 
describes (for trivial coefficients) precisely the polynomial 1-coboundaries: 

Proposition 7.5. Let G be a lcsc group and let d G N. Under the map £ i-A £ as above, 
the image d°(C(G, R) G( d)) maps bijectively onto the space of (continuous) unital polynomial 
maps of degree at most d — 1, that is 

Hl d) (G,R)^Po\ d (G)/Po\ d ^(G). 

Further, the natural G-action on H^(G, R) is trivial. 

Proof. Suppose that £ G C(G 2 ,R) G ^ D im(d°), say £ = d°{rj). Then applying d times the 
differential, we get that 0 = (d gi o ■ ■ -°<9 5 J(£) = dP((d gi o • • -o d 9d )(rj)). Thus (d gi o ■ ■ -od 9d )(rj) 
is constant, from which it follows that g G C(G, R) G ^ +1 b The statement follows readily from 
this. □ 

Proposition 7.6. Let G be a group and £: G —> R be a (continuous) polynomial map of 
degree deg£ = d > 1. Then for every s G G, the map (p^: g i-> (<9 9 £)(s) is a (continuous) 
polynomial map of degree deg = (d— 1)+1. Analogously for g ha- (6 9 £)(s). 

Proof. By a direct computation, one verifies that the differential satisfies, for any function 
£: G -4- R 


dghf= {d g od h )(f) + d g f +d h f, g,heG. 
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Thus for any h E G we have 

(§h<P€)(g) = vz(gh) - wig) 

= (dg°d h )(0(s) + (0 fc £)(s) 

= Vd h n(g) + (5h0(s)- 

The proposition follows by induction on deg£. □ 

Let G be a lcsc group and let £, 77 : G —> M. be continuous polynomial maps on G. Then it 
is easy to see by induction on deg£ + deg 77 that the pointwise product £ • 77 : g 1 —> £(g) • 77 ( 77 ) 
is again a (continuous) polynomial map with deg(£ • 77 ) = deg £+deg 77 . Indeed, we have 

/ 7 ox (§g(€-v))(h)=£(hg)-(%ri)(h) + (§gg)(h)-r}(h), and 

1 j (3,(£ • h))W = to" 1 *) • (M(*0 + (SpOW ' V(h), 

from which the inequality ’<’ is immediate, by induction on deg£ + deg 77 . The opposite 
inequality follows by Lemma 17771 below after observing that, given any continuous polynomial 
£: G —> M of degree d, say, there is a finitely generated free nilpotent group F such that the 
pull-back of £ under some homomorphism F —> G/G[ d+ 1 ] has degree d as well. 

In particular the multiplication map induces a linear map 

ff(t)(G,K) ® R) -> Hl M) (G, R) 

for each pair (d, d') G Nq. 

Let G be a Mal’cev group and let (gij) be a Mal’cev basis of G. Then for each pair (i 0 , jo) 
we consider the map ( giQ jQ : G —> R given by 

< 7 -3) ( n sti 

\(<J)6Brk(G) 

where for all i , j and all t l)3 G Zij, the components of the Mal’cev coordinate system in G 
associated with see Section [2J In general, for a residually Mal’cev group G we define 

( g . Q as the composition 

G - ^G/G l0+1 ^R 

where Gj 0+ i is the i 0 + 1-th term in the Mal’cev central series and ( giQ jq is as in (17.31) for 
G/Gi 0+ 1 . Finally, we will need the following notation: for any multi-index d G Drfdim(G) we 
define 

Cd := II C giA-)**- 

(L)eBrk(G) 

Lemma 7.7. Let G be a residually Mal’cev group and let (gij) be a Mal’cev basis. Then for 
all (ioGo) the map (g lQjo as above is a polynomial map of degree deg£ gi() jQ = i$. Furthermore 
the set {£d | d G D d> di m (G)} Is a linear basis ofPol d (G). 

Proof. Given a residually Mal’cev group G we observe first that for each d the canonical pro¬ 
jection map k: G —> G/G d +1 induces an isomorphism on polynomials k* : Pol d (G/G d+ i) —y 
Pold(G). Indeed, injectivity is trivial and surjectivity follows as in [21, Proposition 2.15] and 
noting that any polynomial map K —y M on a compact group K is constant. Thus we may 
assume that G is a Mal’cev group, and then that in fact (By the Shapiro Lemma [17] and 








28 


DAVID KYED AND HENRIK DENSING PETERSEN 


using property H see Corollary 15.71 and Proposition [678]) G is esc nilpotent: indeed, let L 
be the Mal’cev completion of G; the results just cited then yield, inductively, for any d e N 
that 

ff, 1 d) (G,K) = ff 1 (G,Pol J _ I (G)) 

— iC(G, Pold-i(-O) 

= H'(G,LUL) L(d ~ 1> ) 

= H} d] {L,Li e (Lf) 

= H(d)(L, L 2 (L/G)) 

= H' W (L, R). 

Note that property H? gives us H l (L, Lq(L/G)) = 0 since, by the previous equalities and 
the fact that G is cohomologically finite dimensional, we already know that it is Hausdorff. 

The first part of the lemma follows from [21, Theorem 3.2], Indeed, proceeding by induction 
on dim 5 we first show that for z = g c \(G),j 0 i the map h i—>■ z is an Ic-polynomial [21] of 
lc-degree at most (1,..., cl(G)). Bnt this is clear since we can write, for every h € G 

(7.4) = JI 

\(*j)^cl(G)j'o 

and each factor h H» g^f’^ \(i,j) ^ (cl(G),j 0 ) is an lc-polynomial map of lc-degree at 
most ( 1 , 2 ,..., cl(Cr)), by the induction hypothesis, since they factor through G/z R . Hence 
h i—^ e z z < G is an lc-polynomial as well, and so Q z is a polynomial map of degree at 

most cl(G). To see that deg (6 = cl(G), observe that G)(.9c1(G)-i j 2 ) 7^ 0 for some g\ tJ1 

and g c i(G)-i,j 2 with ( z ([gi }jl , g c i(G)-i,j 2 }) + 0, whence deg (§ g Cs) > cl ( G ) - 1- 

To see the second part of the lemma we proceed by induction on dim g. the case dim g = 1 
being clear. Fix a basis element z = g c i(G),j 0 f° r some j 0 , and let £ G Pol(G) be given. If 
C, = 0 then f descends to a polynomial map f: G/z R and so the claim follows directly by 
the induction hypothesis. Next we observe that, by (17.21) 

(7-5) -(z~0 = (&*°6*)(0 • (1 -a 

whence the claim follows directly in the case f = 0. To deduce the general case, note 
that for any product rj rji ■ 772 of maps 77 *: G —> M such that ry = 0, z = 1,2, we 
have by induction and 17.21 that §( max ( m i> m 2 }) 77 = 0; the general case follows now inductively: 
combining equation (17.51) with this observation, we conclude by the induction hypothesis that 
(sN'Tk, — £ can be written as a linear combination of pointwise products of Q gi ., g,^ 7 ^ z, 
which proves that the 61 span Pol,;(67). The linear independence is clear since the (d define, 
by pulling back through the Mal’cev coordinates, mutually linearly independent polynomials 
on M dim0 . ' □ 



We will need also the following uniqueness results for polynomial maps into M. 

Lemma 7.8. Let G be a (residually) Mal’cev group and let {(p.j) be a Mal’cev basis of G. 
Denote c := rk G and let Gq be the (not necessarily closed) subgroup of G generated (as an 
abstract group) by S := {gqi,..., Finally, denote by S- d the set of words in G 0 on S, 
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of length at most d E N. Then for any d E N and all £,77 G PoU(G) we have 

£ = V ^ £| s< d = V\S- d - 

In particular, any polynomial map in Pol(G) is determined uniquely by its values on Go- 

Proof. As in [21, Proposition 1.15], we see that if £| s <d = r)\ S <d then £| Go = t]\g 0 , so the lemma 
will follow if we show that £ G Pol(G) vanishes on G if it vanishes on G 0 . 

This follows from Lemma 17.71 for instance by the following argument: given £ G Pol(G) 
such that £| Go = 0, we can write £ = Y^i=i r li ' C where ry = 0 for all i, where z E 
G o D Z(G). By induction on dining, we conclude that r/j = 0 for all i from which the 
statement follows. □ 

Remark 7.9. In general, for a lcsc group G and an inhomogeneous polynomial 1-cocycle 
£: G —» £ of degree d E N, it is not hard to show by induction on d that £ is entirely 
determined by its restriction to S- d where S' is a generating set of G. 

Lemma 7.10. Let G be a (residually) Mal’cev group, {g % .j) a Mal’cev basis, and let £,77 G 
Pol(G). //£(!) = 7/(1) and < o gi . £ = § gi . 77 for all j — 1 ,... , rk(G), then £ = 77 . 

The lemma follows from the previous lemma, by showing that f(g) = 77 ( 77 ) for all g E Go, 
by induction on word-length. Here is an alternative argument: 

Proof. It is easy to see that, for any / G C(G, R) the function g 1 —> § g f satisfies the 1-cocycle 
identity. Hence we conclude that 6 g (£ — 77 ) =0 for all g E Go, the subgroup of G generated 
by the g\j. Since jg 6 s (£- 77 ) (h) is itself a continuous polynomial map on G for any h E G 
fProposition l7.6p . the statement follows now by the previous lemma. □ 

Using Lemma [7771 we can now give a sharper estimate on the degree of d g £ for a polynomial 
map £. 

Definition 7.11 (degree wrt. a central series). Let G be a (lcsc) group and a central series 
in G with trivial intersection. For every g E G we define the degree deg^> g of g with respect 
to the central series by 

deg yg = max{i | g E G i: g £ G i+1 }. 

When G is a residually Mal’cev group, the degree deg g of an element g in G, will refer 
to the degree wrt. the Mal’cev central series, unless explicitly stated otherwise. For a subset 
K C G we set deg^> K = min gG K deg^ g. 

Lemma 7.12. Let G be a (residually) Mal’cev group and let £ G Pol(G). Then for every 
g E G we have degd g f < deg£— deg 77 and analogously for £. 

Proof. By Lemma [7.71 and (17.2)1 . it is sufficient to prove the claim for all £ f/i . . This follows 
by induction on dimg, using (17.4|) . □ 

Lemma 7.13. Let G be a free nilpotent group of class d E N, and let gi = g\^, i = 1,..., n := 
rk(G) be a set of generators of G. Then for any dl < d and any set £*: G —> R, i = 1..., n 
of polynomial maps £, of degree at most d!, there is a polynomial map £ of degree deg £ < d! 
such that d gi £ = £« for all i. 

Proof. It is not hard to give a direct proof of this proposition, analogous to the universal 
property for the free group with, respect to polynomial maps, proved in [21]. A direct 
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argument can also be given based on Lemma [7.71 Here we give a third proof. Let’s write it 
out in detail: 

By induction on d we may assume that deg£j = d — 1 for some i, and all we have to show 
is that there is a polynomial £ such that d 9i £ = £,; mod PoO_ 2 (G) for all i. To this end, 
let F — (f 1 ,..., f n ) be the free group on n generators and n: F — y G : fi i —> gi the induced 
homomorphism. On F we consider the group homomorphism 77 : F Hh_^{F, R): /, i— y 
£j. Then we observe that in the long exact sequence in cohomology (for F) induced by 
Pol d _ 2 (F) ->■ Pold_i(F) ->■ H^^F, M), we have 

- *H\F, Pol d _ 2 (F)) — H\F, Pol d _i(F)) H\F, H^F, K))-- 0- 

whence there exists a polynomial map £' G PoO(F) such that df i £' = 77(/)) in H^ d _^(F, R), 
for all i. Noting that ix induces an isomorphism n*: Pol d (G) —> Pol d{F), cf. Lemma T7.71 this 
finishes the proof. □ 


8. The algebra of polynomial maps 

The space of polynomial maps Pol d (G) introduced in the previous section should be seen, 
as mentioned in the introduction, as containing certain "d’th order" dual structure. In 
particular, Poli(G), being essentially (that is, up to addition of some constant) the space 
of continuous group homomorphisms into R, contains very precise information about the 
(torsion-free part of the) abelianization of G. In this spirit, Proposition 18.91 below is the key 
observation which will allow us to lift isomorphisms in polynomial cohomology induced by a 
uniform measure equivalence, to an isomorphism of groups in Theorem [Bl This reduces to a 
standard duality trick when d — 1 , where all statements in this section are essentially trivial. 

Lemma 8.1. Let Gi,G 2 be residually Mal’cev groups and denote the canonical projections 
Hi\ G\ x G 2 —> Gi,i = 1,2. Then the pull-backs n* induce embeddings n*: Pol(G£) —y 
Pol(Gi x G 2 ),z = 1,2, and we have with this identification an isomorphism Pol(Gi x G 2 ) = 
Pol(Gi) (8) Pol(G 2 ) such that (£i £ 2 )(^7i, < 72 ) = £1 (l7i)' £ 2 (^ 2 )• Furthermore, this isomorphism 

respects the grading given by the polynomial degree, that is, for any £j G Pol(G,),i = 1,2 we 
have deg(£i ( 8 ) £ 2 ) = deg£i + deg£ 2 

Proof. This all follows directly from Lemma [7.71 □ 

In particular, the previous lemma shows that, given any linear map T : Pol(G) —> 17)1(7/), 
where G, H are residually Mal’cev groups, such that deg T(£) < deg£ for all £ G Pol(G), 
we get naturally an induced map T ® T: Pol(G xG)g Pol(Z7 x H) given by T(£ <g) 77 ) = 
T(£) ® ^( 77 ) for all £,77 G Pol(G) such that deg(T ® v k)(£ / ) < deg£'. 

Definition 8.2 (degree-preserving maps). Let G, FI be lcsc groups. We will say that a linear 
map T: Pol(G) — y Pol (H) is degree-preserving if degT(£) < deg£ for all £ G Pol(G), and 
properly degree-preserving if equality holds. 

Definition 8.3 (strongly unital maps). We say that a linear map T: Pol(G) —> Pol(//) is 
strongly unital if it is unital, and if T(£)(l) = 0 whenever £( 1 ) = 0 . 

Remark 8.4. Occasionally we will use the terms ’(properly) degree-preserving’ and ’strongly 
unital’, with the obvious meanings, for maps T: Pol^(G) —y Pol d{H) for some given d. 
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In the sequel we will denote by m: G x G —> G the multiplication map on an arbitrary 
group G. Furthermore, rh: G x G —>• G denotes the map m(g, h ) = gh _1 and inv: G —> G 
the inversion map. 

Definition 8.5 (co-multiplicativity). Let G,H be residually Mal’cev groups. We say that a 
linear map T: Pol(G) —y Pol (H) is co-multiplicative if the following diagram commutes: 


Pol(G)---- Pol(G 2 ) 


Pol (H) 


Pol (H 2 ) 


For (degree-preserving) T: PoG(G) —> Pol d(H) we will say that is co-mulitplicative in 
degree d if the diagram above, replacing Pol(—) by Pold(—) is commutative. 


Remark 8 . 6 . Let G be a Mal’cev group. We note that, by [21], m* is a well-defined (that 
is, m*£ is a polynomial for every polynomial £) properly degree-preserving map. Indeed, we 
claim that multiplication m: G x G — I G is a polynomial map of lc-degree [ 21 , Section 3] 
lc-degm = (1,..., cl(G)). To see this, let 7q: G x G — > G, i = 1, 2 denote the projections 
on the first, respectively second factor. Then m(g) = Hi(g) ■ 712 (g) is a pointwise product of 
homomorphisms, so the claim follows by [21, Theorem 3.2], From this it follows readily that 
m *£ is a polynomial with degm*£ = deg£ for all £ G Pol(G). Thus all maps in the diagram 
in Definition 18.51 are well-defined when G has finite length, and the general case follows since 
any £ G PoG(G) factors through G/Gd eg £+i- In fact we observe that, by Lemma 17771 the 
pull-back has the form 


( 8 . 1 ) 


m*(£) = £® 1 + 



+ 1 < 8 > £ 


where each term £, ® £' can be taken to be a simple tensor consisting of basis elements as 
in 17.71 Then for £ = £ 2 a simple basis element, it follows directly from Lemma 17.71 that 
deg£j + deg £( < deg£ for all i, and deg £*, deg £,- < deg£. 


Remark 8.7. One verifies easily that a strongly unital degree-preserving algebra homomor¬ 
phism T: Pol(G) —» Pol(R) of residually Mal’cev groups G, H, is co-multiplicative if and 
only if the following diagram commutes. 


( 8 . 2 ) 


Pol(G) 

Pol(R) 


■ Pol(G 2 ) 
Pol(R 2 ) 


Indeed, we have m* — (1 ® inv) o m*, so that it is sufficient, for the ’if’ direction, to see 
that, say, if diagram (18. 211 is commutative, then so is the following diagram: 


Pol(G) 


Pol(G) . 


Pol(R) 


Pol(R) 
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This will imply that T is co-multiplicative. To see the claim, observe that for any unital 
polynomial map £ and all h £ H, we have (using (18. 2 p in the second equality, and the 
analogue of (18. 1 1) for rh in the first and third equalities) 

T(£)(h- 1 ) = (T®v[/)(m*£)(h- 1 ,l) 

= (T <g) T)(m*£)(l, h) 

= 

To see the other direction, we show again that, given a co-multiplicative T, it follows that 
T commutes with the inverse operator: (to get the third equality, compute (m*£)(/q k ) 

T(£)(h)=m*(T(£))(M) 

= (T® T)(m*£)(M) 

= (T <g) T)(m*£)(l, /i” 1 ) 

= T(£)(h- 1 ). 

Lemma 8.8. Let G , H be residually Mal’cev groups and let dU: Pol(G) —> Pol (H), k = 1,2, 
be strongly unital, co-multiplicative, degree-preserving algebra homomorphisms. Let (hjj) be a 
Mal’cev basis for H, and (gij) be a Mal’cev basis for G. Suppose that for all £ = 1,..., rk (H) 
and all i,j we have 

(8.3) (*1< S J(M = (*2C s J(M- 

Then db = T 2 . 

Proof. We show that T 1 (£) = T 2 (£) by induction on d := deg£. The case d = 1 follows 
directly from the hypotheses, in particular using that T,; are algebra homomorphisms and 
Lemma ITT! Let d > 1 be given. Suppose that (d>i£)(/i) = (T 2 £)(/i) and (Ti£)(/c) = ('L 2 £)(/c) 
for some h,k £ H. Then by this and the induction hypothesis we get: 

^)(hk) = m*(^))(h,k) 

= (dq <g) dq)(m*(£))(/i, k) 

= y Mtm • ($(*) + ®i(o (h) + mow 

i 

= E 

i 

= (T 2 ®T 2 )(m*(£))(h, k) 

= ^)(kfc). 

Using this computation repeatedly, and by the assumption in (18.3ft it follows that (dq£)(h) = 
('L 2 £)(h) for all h = h™ e with n > 0, whence for all h = hf^ with n G Z, whence (by the 
previous computation) for all h in the subgroup Hq of H consisting of words in the h\/. By 
Lemma [7.81 it follows that dq£ = dq£. This completes the proof. □ 

Observe that if cp: H —> G is a homomorphism then it induces a unital, co-multiplicative, 
degree-preserving algebra homomorphism p>*: Pol(G) —>• Pol (H). The next result gives a 
converse to this, in the spirit that Pol(G) acts as a "total" dual space of G. 
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Proposition 8.9. Let G, H be residually Mal’cev groups. Suppose that 'I': Pol(G) —y Pol(R) 
is a strongly unital, co-multiplicative, degree-preserving algebra homomorphism of the polyno¬ 
mial algebras. Then there is a unique continuous group homomorphism p: R ® R —)• G <g) R 
of the Mal’cev completions, such that T is induced by p. Further, p is an isomorphism, if 
and only if \V is a properly degree-preserving isomorphism. 

Observe that any degree-preserving isomorphism as in the statement is automatically prop¬ 
erly degree-preserving; this follows by induction on the degree, using (18.1)1 . 


Proof. First, let us suppose that G, H have finite length, that is, they are Mal’cev groups. 
Fix Mal’cev bases {gij} respectively {hij}. Let F be the free nilpotent Lie group of class 
cl(F) = max{cl(G), cl(fL)}, and with rk (H) generators /i,i, • • •,/i, r k(n)- Then there is a 
unique homomorphism pu : F —> F[ ® R given by PH{fi,i) — h\,e, i — 1,..., rk (H). Further, 
we define a homomorphism pc '■ F —» G < 8 ) R by 


Tcifi/) 



(*C Bi 

9i,j 


(jj)eB rk (G) 


By Lemma [8.81 we conclude that the following diagram commutes: 


Pol(G)---- Pol(if) . 



Pol(F) 


Thus, if / G F is an element in ker pu, we have Pc(C)(f) — 0 for all unital f G Pol(G< 8 )R) = 
Pol(G). It follows, since real-valued polynomials separate points on G ® R, that pdf) — 1- 
That is, we have shown that the homomorphism pc : F —)• G < 8 > R factors through H <S> R; 
let us denote the induced homomorphism p: H ® M —)■ G ® M. We conclude immediately, 
again by Lemma 18.81 that p* = T, which also gives the uniqueness of p. Further, if T is 
an isomorphism then it follows that p is an isomorphism as well: indeed, p has cocompact 
image since T induces in particular an isomorphism of the abelianizations of FI <g> R and 
G <E> R, whence by simply connectedness, it is surjective. Injectivity follows since real-valued 
polynomials separate points on H ® R. 

Finally we note that the Proposition follows for residually Mal’cev groups in general by a 
straight-forward argument passing to the projective limits, using the uniqueness of p, and, 
for the isomorphism statement, the fact that T is in isomorphism if and only if T| p 0 i d (c) is 
an isomorphism for every d G N. □ 

Remark 8.10. In the sequel we will use the following observation, which follows directly 
from the proof of the previous proposition: With hypotheses as in the proposition, assume 
further that cl(G) = cl (H) := d. Then it is sufficient that T is a (strongly unital, linear) 
co-multiplicative degree-preserving isomorphism T: Pol ( /(G) —» Pol d(H), such that T(£ -rj) = 
\P(£) • ty ( r )) whenever deg£ + deg 77 < d , £,77 G Pol(G). 


9. Shalom’s induction map in polynomial cohomology 

Let G, F[ be lcscu groups and suppose that they admit a uniform coupling (hi, /i). For any 
polynomial map ( G Pol^(G), we set 


(9.1) 


(wJC)(ft)= / ((ua(h,y))dn Y (v). 


' Y 
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Shalom showed (for countable discrete groups, and remarking also that essentially the same 
proof works for general lcscu groups) in [30] that, if G, H have property Ht( 1) (for Hilbert 

spaces) then c Oq induces an isomorphism in cohomology i/ i (G,M) H l (H, R). The follow¬ 
ing example shows that uIq does not induce directly a map in polynomial cohomology. 

Example 9.1. Let G Z, H R and let (12,/i) = (R, A) be the obvious uniform ( G,H )- 
coupling. Then Y = R/Z and, denoting by a: Y —>■ R the canonical section, the cocycle luq 
is given by 

vc(h,y) = \h + a(y) J. 

It is then easy to see that for the polynomial map C ,: G 3 n i —> n 2 E R, we get 

(c OqC)(ti + t) = (1 — t) ■ n 2 + t ■ (n + l) 2 , n G Z, t e [0,1). 

Thus, while ooq in the previous example does not induce a map in quadratic cohomology 
directly, that is, via. a map on cocycles, it does so up to pertubations of at most linear 
magnitude. 

Theorem 9.2. Let G,H be cohomologically finite dimensional lcscu groups with property 
Hf, and suppose that (H,/i) is a uniform, ergodic (G, H)-coupling. Then the following hold: 
(i) For each n € N and every d € N there is an isomorphism 

(ii) Suppose that G := GjGi = M. k for some k e No and denote by : H/H 2 —> G 

the homomorphism (pre-)dual to 4/j^. Then for every d G N there is a commutative 
diagram 

H\ d) {G, R) _ H\G, PoWG))-- H\G, H^G, R)) , 

*(d) 

R) — H\H, Pol ^(H)) — H\H, H^H, R)) 

where ($ {d) £)(h) = 'P( d _ 1 ) ( 6 (fM^)))> ^ e H/H 2 . 

The proof, split into several parts, takes up the remainder of the present section. 

Proof of part (i). Fix G, H and 12 as in the statement. Let (12, / 1 ) be a uniform, ergodic 
(G, iL)-coupling. For convenience we will normalize measures such that fix-, Py are probability 
measures. 

Applying the Reciprocity Theorem. Fix for the moment d, n € N. By the Reciprocity Theorem 
16.41 and the assumption that G has property Hf, we have a commutative diagram 

Hfa (G, R) -- Hf( d) (G, L 2 X) 



H n (G, PoU-iiG)) H n (G , L 2 X ® Pol^G)) 

whence the top horizontal arrow is an isomorphism. Recall that the bottom horizontal arrow 
is an isomorphism cf. Corollary 15.71 Thus we get, again by the Reciprocity theorem, an iso¬ 
morphism /: iL(^(G, R) —» Hf L (H, L 2 (Y, PoG_i(G))), where we recall that L 2 (Y, Pol ( i_ 1 (G)) 
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is an //-module with action (h.£)(y)(g) = £(h 1 .y){ojc{h,y ) 1 • g), via the following commu¬ 
tative diagram: 


R)-|i 2 (V Polj-i(G))) 



£?,i)(G,i 2 X) 


To prove part (i) we will construct an isomorphism 


L 2 (Y, Pol rf _ 1 (G))) —^ H n (H, Po\d-i(H)) , 
Recall that by Proposition 16.81 the right-hand side is isomorphic to 


The map y. For £ £ £ 2 (U, PoR-i(G)) consider the function y(£) on H given by 


( 9 - 2 ) (x0( h ) = J £(y)(uG{h,y))dn Y (y)- 

Using the cocycle identity and that the action of H on Y preserves the measure, it is easy 
to see that (J9.2j) defines an //-equivariant linear map y: £ 2 (Y, PoU_i(G)) —> LZ(H). Let 
{£i} be a linear basis of PoR_i (G), recalling that Pol fJ r_i (G) is finite dimensional by Corollary 
16.101 For any compact subset K of G and any £ = e L 2 (Y, Pol^_i(G)) we have for 

all h G K 


fi(y) ■ (i{wa(h,y)) 


Y 


Kx«(ft)i < £ 

i 

- ^2 ( IKd£ G (AxY)| 


d Tv{y) 


\fi(y)\dp Y (y) , 


'Y 


from which it follows that y is continuous. In particular, the kernel is a closed (//-invariant) 
subspace, and every element in the image is a continuous vector, whence represented by 
a continuous function. In summary, y is a morphism y: L 2 (U, PoR-i(G)) —> of 

continuous Frechet //-modules. 


A module for book keeping. Presently we consider the //-module TL := y(£ 2 (Y, PoR-i(G))) C 
C(H, R), endowed with the quotient topology. (Which might, a priori, differ from the sub¬ 
space topology.) For brevity we will denote £ := L 2 {Y, PoU-i(G)) and consider on it the 
filtration 0 < L\ < ■ ■ ■ < C<i where L t := L 2 (Y, Pol i ^ 1 (G)), i = 1 ,...,</ and by convention 
£o := 0. Observe that in this way £ is a continuous poly-Hilbert //-module. Further, we have 
for all i that £,;/£*_! = L 2 Y ©//( 1 i _ 1 ) (G, M) so that, by ergodicity, (£j/£j_ i) H = //(,_[)(G, M). 
Finally, we define a filtration of TL by pushing forward that on £: TLi : = y(£,:), f = 0,..., d; 
by construction each quotient TLi/TLi-i is a continuous, unitary Hilbert //-module, whence 
TL with this filtration is a continuous poly-Hilbert H module as well. 

We claim that {TLi/TLi-i) H = y(® <8> //p-p (G,M)), where y denotes the induced map 
Li/Li -1 — > TLi/TLi- 1 - Indeed for each i we have £,/£*_1 = TLi/TLi- 1 © ker y from which the 
claim follows immediately. 
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The evaluation map. As we observed above, TL embeds continuously as an invariant subspace 
of C(H, R). In particular there is a continuous linear map ev: TL —> R : ev(£) = £(1) induced 
by evaluation in 1. It is easy to see that the evaluation map extends continuously to T\ 
indeed this is clear on A = TL\ = R.l#. Then in the inductive step of the construction of 
J c , when considering the intermediate module T' T d . i x (TL/TL d - 1 ) we can replace any 
section a: TL/TLd-i —>■ T’ with £ ct(£) — (ev^^ ocr)(£).l#. Thus for any £ ~ (£i,£ 2 ) £ F 

we can arrange that, by construction, ev(£) = ev(£i) and the claim now follows. 

Now we observe that, given any £ G /y the function £': / 1 —>■ ev(/ _1 .£) is a continuous 
function on //, that is, the map ev*: £ 1 —y £' is a morphism ev*: T —> C(H , R) of //-modules. 

Proof proper. With the initial setup now in place we can state the theorem as we actually 
prove it. Let LF be an //^.-completion of TL. We claim that with hypotheses as in the Theorem, 
we have: 

(a) The evaluation map restricts to an isomorphism ev*: J rH ^ d '> Pol<i_ 1 (//), 

(b) the map y : H_ n (H,C) —* //"(//, T) is an isomorphism for every nSN, 

(c) and exists as claimed for all n G N. 

The proof proceeds by induction on d. Note that the d — 1 case is (essentially) due to 
Shalom [30], and follows directly by property Hf and the Reciprocity Theorem 16.41 Fix 
d > 1. If // 1 (//, R) = 0, then by the d = 1 case we have H l {G, R) = 0, from which we get 
H( d j(G, R) = (//, R) = 0 for all d G N; whence in this case there is nothing to prove, and 

so we shall suppose that // 1 (//, R) > 0. 

Locating polynomials. Presently we shall prove part of the inductive step for item (a) above, 
namely that the evaluation map ev*: J r,l(d ) —» Pol c /_ 1 (//) is surjective. Let rj G Po\ d -i(H) 
and let £: H —» 11 be the inhomogeneous 1-cocycle given by £(/i) = (ev,) _1 (4»)). We 

need to show that £ is an inner cocycle into J that is, that it vanishes in // 1 (//, T). By 
induction and Theorem 15.151 we have isomorphisms 

H\H, Pol d _ 2 (//)) —//H//, Fd-i) —// 1 (G,Pol,_ 2 (G)) , 

whence we conclude that there is a £0 G // 1 (G, PoR~ 2 (G)) with image £. Since £0 is inner (in 
H 1 (G,Pol d ^i(G)) whence) in H 1 (G,L 2 X <g) Pol d _i(G)), £ is inner in // 1 (//, J 7 ). This proves 
surjectivity. 

Furthermore, this argument shows that, denoting by Q 1 := (ev*) _1 (Pold- 2 ) and fixing 
a set of representatives {r^} C Pold_i(//) we can arrange that the pre-images {£j} satisfy 
dh £i G Q / for all h G H. Thus if we let Q be the subspace of spanned by Q 1 and the £, 

we conclude readily that (Q is an //-module and) ev*: Q P 0 R -1 (H) is an isomorphism. 

Final steps. Let £ be an //^-completion of C, and observe that we may construct £,T such 
that x extends continuously to y: £ —> T. By induction on i, using the long exact sequence, 
the induced map y*: // n (//, £i-\) — > H n (H. Ti- 1 ) is an isomorphism for each i — 1,..., d. 

We show now by induction on d that the map //”(//,£) —> H n (H,£) is an isomorphism. 
To see that, observe that the complex, induced from the long exact sequence in continuous 
cohomology, 

(9.3) 

--H'-'Iff.XV,)- ~H n (H,C) -- ►••• 
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is exact. (Note that this is not automatic in general.) Indeed, by the proof of the Reciprocity 
Theorem 16.41 there is a cochain isomorphism of complexes, where we denote for brevity 
/C = L 2 X <g) Pol d _i (G) with the obvious composition series (/Q)j, 

-- H n ~\H, £/£ d _0 — H n (H, £ d _0- H n (H, C) -- H n (H, C/C d . i)-- • • • . 

-- H n ~\G, /C//C d _0 — H n (G , /C d _0- H n (G, K )- H n {G, K/K d ^) - 

Since the downward arrows are isomorphisms, they induce also isomorphisms on the level 
of reduced cohomology, where the bottom row is then, by property and naturality of the 
long exact sequence, precisely isomorphic to the long exact sequence 

if n_1 (G, (G,K)) -- 

5 

H n (G, Pol d _ 2 (G))-- H n (G, Pol d _ 1 (G'))-- H n {G, H^G, M))- -••• 

from which the observation follows, and hence, by induction and naturality of the long 
exact sequence in continuous cohomology, that ff n (ff, £) —y if” (if, S) is an isomorphism. 
It follows that y*: ff n (ff, £) —» ff n (ff, J 7 ) is surjective. By what we showed in the step 
’Locating polynomials ’’, we can then deduce (a): observe that the map H l (H, Q) —y if 1 (if, J -) 
is injective (since J rH ( d+1 ’i = J- H ( d )^ whence we have the following diagram: 

(9.4) if 1 (if, Pol d _i(ff)) = H\H, Q ) ^ H\H,X)^H\H,C) = H\G,Po\ d -i(G)), 
by which we conclude that 

(9.5) dimRif^Pold-i(if)) < dim R if 1 (G, Pol d _ 1 (G)). 

By symmetry this is then an equality, whence in particular we also get that dim® H 1 (H, Q) = 
dining if 1 (if, J To finish the inductive step for (a), we need to deduce that Q = J rH ^ d \ which 
is equivalent, since dim® PoR_i (G) = dimjR Pol d _i(if) by the induction hypotheses, to show¬ 
ing that (ev*)|jrw(d) is injective, whence an isomorphism. Inductively _1) C Q so that, 
by the construction of T (namely the fact that [Ti/Ti- i)- 0 ^*' = (Ti/Ti-\) H , k > 1), we con¬ 
clude that for every £ £ X H ( d ) and all h E H, we have d ^£ £ Q on which (ev*)| is an 
isomorphism. Thus if ev*(£) = 0 for some £ £ J rH( - d '> \ Q it follows that £ £ J- H and that £ 
maps to a non-zero element in TjT d - \. 

Let £: if —)• J 7 be a non-trivial continuous homomorphism with image contained in M • £. 
Then for any inhomogeneous 1-cocycle rj: if —>■ Q which is not inner, that is, whose range 
has non-zero projection on Q/Q H<yd ~ l \ we observe that fj — £ likewise hits an element in 
jrH(d) \ jrH(d- 1 ) an( j go canno t be inner since J- H ( d+1 ) = by construction of T. This 

contradicts the fact that equality holds in (19.51) . 

Thus we have completed the inductive step for part (a). Part (b) follows immediately 
by (19.41) since we observed that the two spaces on either extreme have the same dimension 
whence the surjection in the diagram must be an isomorphism. Finally, by Theorem 15.151 
and (a) we have 


H n {H,Po\ d _ x {H)) = ff n (ff, J 7 ), 
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which proves (c). □ 

Intermezzo. We keep the notations from the proof of part (i). Consider an arbitrary sub- 
module A of C(H,R). Observe that given any £ G Z 1 (G,J l), it is easy to see that £ is 
inner if and only if the function h K > ev(£(/i -1 )) is in A. Indeed in this case, denoting 
f h ^ ev(£(h -1 )) G A we have 

(d 1 f)(h)(k) — ((/i — t).f)(k) 

= fih-'k) - f(k) 

= Z(k- 1 h)(i)-Z(k- 1 )(i) = t{h){k). 

We want to note an analogous observation in J r : Let denote the //-invariant subspace 
of T consisting of elements £ such that there is a d G No such that for all hi,... ,hd we have 
(hi — !)••• (hd — t).( E P for all hi,... ,hd E H. Then it is easy, using the observation that 
T h = % H , to see that ev* is injective on T and that a cocycle f G Z 1 {H, PL) is inner in 
H 1 (H,J r ) if and only if h i-A £(h)(l) is in the image ev*(J-^) C C(H, M). 

We can now compare the map to the naive map 0 Jq in (19.11) . In fact, we observe that 
C 0 q is precisely the composition (to put the right-most term in context, recall that evo— 
is precisely the map giving the isomorphism H 1 (H,Pold-i(H)) —> Pold(H)/Pold-i(H), see 
Proposition 16.81 and the remarks following it) 

Pold(G)- ^H( d) (G,R) H\H,L 2 (Y,Po\ d _i(G))) H\H,H) — C(H,R) . 

By part (i) of the theorem it follows that we can describe the image of £ G PoG(G) under 
the map T: Pol^(G) —y Pold(H)/ Pold-i(H) as the unique (modulo Pol r /_i (//)) polynomial 
map 77 G Pol d(H) such that 77 — uJq(£,) G ev*(J r w ). 

Proof of part (ii). Fix a d > 1. We keep notation from the proof of part (i). Denote by 
P : £ —y i?( d _ 1 )(G, M) (where we recall from the proof of part (i) that £ is the //^-completion 
of £. := L 2 (Y, Pold_i(G))) the projection given by the following composition, where we recall 
from Section [5] that £/£d -1 is a direct product of //-modules, {£/£d-i) H = H x (d _ v fG, M) 
being one of them, 

£ — *£/£d- r— -(£/£ d -i) H 
and denote similarly by Q the projection 

T -- 7/7 d -i -- {Tf 7 d -i) H —- H^H, R) , 

with the final arrow being the map induced by evaluation, as in the proof of part (i). Observe 
that since kerev* C kerQ, we get an induced projection ev*(/ r ) —» R), which we 

also denote Q. 


Step I. We first claim that there is a commutative diagram 


x * “ 

H'(H.F) 


R)) • 
R)) 
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Let £ G Z l (H, £) and h G H/H 2 be given. Since the value of (Q*°X*)(0(h) is independent 
of the choice of £ up to the closure of the space B 1 (H,jC) of coboundaries, we may suppose 
that £(h) G Pold_i(G) + Cd-i, say £(h) = £o + 77 ; indeed, consider the pre-image £ < C of 
(C/Cd-i) H under the canonical projection. (I.e. £ := P~ l {{£ / £d-i) H ) D £, if you will.) As 
we already noted the exactness of the complex in (19.31) . it follows that the map in reduced 
cohomology H}(H, £) —y H_ ] (H. £) induced by the embedding £ < £, is surjective. 

Then we have 

(' Q*°X*)(Q(h ) = Q \-t J £(ti G (k : y))dp Y (y)^J + (Q* ° X*)(v)(h)- 

But (Q* o x*)(v)(h) = 0 since x*(v) vanishes in cohomology, 77 being in £d-i whence x*(v) ^ 
Bd -1 • It remains to show that 

(9-6) J Co(uj G (k,y))dn Y (y)] = ^( d -i)(£o). 

Since the argument in Q is just k H > f Y £o(u J G (k, y )) d y Y (y) = Wg(£o), this follows from the 
observation in the intermezzo that there is some / G ev*((J-d-i)w d _i) and a representative 
77 G Polrf_i(iL) of ^i(£ 0 ), such that 77 — w^(£o) = /. Applying Q to both sides of this 
equality gives (19.61) . This finishes Step I. 


Step II. To complete the proof we show that there is a commutative diagram 

H l {G, Pold_ 1 (G))->- H X (G, H^ dY) (G, R)) . 


K\H,C) 


p* 


^1 

h'Ws'j-dIG, 


To see this we consider the commutative diagram 


H\H,£) --- H 1 (H, H^ d Vj (G, M)) , 

H l (H, L 2 (Y, iL^_ 1) (G, M))) 

where p is the projection p: C —> C/Cd-i = L 2 (Y, H^ d _ L) (G, K)). Then we compute for 
£ G Z 1 (G,Pold-i(G)): 

(P.oI)(Z)(h)=((J -'\op m ol\ (£)(h) 

= j Y P{ I {i)ih)){y)dp Y {y) 

= J r(I(£)(h)(y))dfj, Y (y), 

where r is the projection Pol c ;_ 1 (G) —> H^ dl JG, M). Thus we continue: 

J r(I(g)(h)(y))dfj, Y (y)= j {r o $)(u G (h,y)) dp Y (y). 
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On the right-hand side (ro£): G —y R) is a homomorphism into a finite dimensional 

real vector space, and so it follows by the definition of ipi that, denoting by h the image of 
h in H/ H -2 


J Y (r o £)(£j G (h,y)) dp Y (y) = (r o O(V’iW) = ^(OOO)), 

as had to be shown. This finishes the proof of step II and, putting the two steps together, 
the proof of part (ii) of Theorem 19.21 □ 


10. Proof of Theorem [B] 

Below we will need the following observation. Fix a Mal’cev group G and a d G N. By the 
remarks following Proposition 16. 8l and using Lemma 17.121 every cocycle £ G Z 1 (G, Pold_i(G)) 
takes values in R-1 g on Gd, whence it follows that 77 1 (G, Pold_i(G)/RTc;) = H 1 ( K G/G d , PoG_i(G)/R- 
1 g). Thus if H is a Mal’cev group as well and i/>\ H/Hd —> G/Gd is a homomorphism, we 
get an induced homomorphism : H 1 (G, Pol<i-i(G)/R • 1 g) —> if 1 (if, Po\ d -i{H) /R • 1h), 
given by 


MZ)(h) = r(0W(h)), f e Pold- 1 (G r ), h G H/H d . 

Remark 10.1. In the proof of Theorem |B] below we construct, as indicated earlier, an 
isomomrphism using, essentially, a kind of higher order duality argument. Let us briefly 
indicate an idea which is the same but different. Suppose that G is a esc nilpotent Lie group 
of class d, such that G d — R. Let z be the element in G d < G corresponding to 1 G t and 
extend this to some Mal’cev basis of G. Consider the short exact sequence of G-modules 

0 - R -Polrf-i (G)-- Q -- 0 , 

where Q := Pold_i(G)/R • to- Since G d acts trivially on each term, we may also consider 
this as a short exact sequence of G/GVmodules, and thus we get two long exact sequences 
in cohomology as in the following diagram: 

- H\G, Pol d _i(G))-- H\G, Q )-— R 2 (G, R)-- • • • , 

- H\G/G d , Pold_ 1 (G))- - H\G/G d , Q ) — H 2 {G/G d , R) - 

where the middle vertical isomorphism is the one observed just above. Then it is not hard 
to convince oneself that the map R 1 (G, Pol ( j_ 1 (G)) —> H 2 (G/G d , R) maps £ 2 to the coho¬ 
mology class in H 2 (G/G dl R) representing G as a central extension of G/G d - 

Back to the proof of Theorem iBl 

Lemma 10.2. Let G,H be esc nilpotent Lie groups with cl(G) = cl (H) =: d. Suppose 
that tJj: H/Hd —■ y G/G d is a continuous group homomorphism and that T: H^.. (G, R) —> 
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( 10 . 1 ) 


is a linear map such that the following diagram commutes: 

H 1 (G, M)) 

h* 


if 1 (G',Pol^i(G)) 




H 1 {G, Pold_i(G)/R) 


H'W.H^H, R)) 


h* 


H 1 {H,¥o\ d .. 1 {H)) 


H\H, Pol d _i (H)/R) 


Then if extends (uniquely) to a homomorphism if': H G such that if' induces if on the 
level of quotients, and such that (if 1 )*: : H^(G, M) —>• H^(G,WL) coincides with 'I'. 

Proof. Let {g ltJ | ( i,j ) G B rk (c)} and {h t j | ( i,j ) G B rk (#)} be Mal’cev bases of G respec¬ 
tively II. and denote by 

a: G/G d ->■ G: II 9i,j ^ II 9i,j 

(*j)eB rk(G/G d ) ( i j)GB rk ( G/Gd ) 

the section of G —>- G/G d induced by the choice of Mal’cev coordinates. Next we claim 
that for every polynomial map £ G Pop(G) (in particular every £ of the form £ = £ s .), 
there is a polynomial map rj G Pol d (H) such that if* £) — dhg is constant for 

every h G H, say equal c(h, £). Indeed, taking the cocycle representative £ 0 : g H>■ <9 9 £ 
corresponding to £, cf. the remarks following Proposition 16.81 we get from the foremost 
commutative rectangle in (110.11) that £: h K > if*((^*Co)ilf(h))) — 7r ('^(£o)(^)) is an inner 
cocycle in H\H, Pol d ^(H)/R). Then since vr* : B 1 ^, Pol d _i(tf)) —>■ B 1 (if, Pol d _i(if)/R) 
is surjective, we can find r/ G B l (yH, Pol c /_i(ih)) such that £ — 7r*(r]') = 0 and so taking 77 
to be the (unital) polynomial map such that d d rj — 'L(£ 0 )(h) + rj'(h),h G H we have, in 
Po 

^*((7r*£o)(^(h))) = n(d h rj), h E H. 

The claim follows since ^(^(^(h))) = n(d( ao ^h) £), h G H/H d , by Lemma 17.121 Now define 
a map if': {h\ }i \ i — 1,...,rk(iL)} —> G by 

3 

It follows by the above that for every unital £ G PolpG), there is a unique unital (by 
Lemma 17.101) 77 G Pol d (H) such that 

( 10 . 2 ) d hli rj = if* , i = l,...,rk(if). 

Indeed, for £ G PolpG/Gp this is true by the induction hypothesis, and for £ = £ Sd it 
is now true by construction, since d^ {hli) ( gdj = - c(h 1>u ( 9dj ). Thus p 0 . 2 | ) 

follows from Lemma 17.71 and linearity of the differential and if*. We denote the induced 
strongly unital map Tq: PolpG) —)■ Polp/7): £ •—)■ 77 and denote T' := invoTg o inv. By 
construction, the restriction of T' to Pol d (G/G d ) coincides with if* = \uv oif* o inv, and 
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the composition Pold(G) —> Pol 4 (H) —> coincides with (composed with the 

projection onto cf. (110.11) . We note that T' satisfies • £ 1 ) = 'h'(^o) • ^'(O) 

for all £ 0 ,£i £ Pol d (G) such that deg £ 0 + deg£i < d, which follows since ip* (and hence 
'!'(,) does so and the only case not covered by this is the case deg £ 0 = d, deg£i = 0 , which 
is trivial. We also observe that, extending ip' to ip' : {h\ i \ t G M, i = 1 ,..., rk (H)} — y G 
by ^'(Mi) = h follows by ( 110 . 21 ) . using the cocycle identity for g 1 —* <9 9 £ (and 

h 1 —)• 77 ), that we have 

(10.3) d h t . ^q(0 = ip* id^ hli y £) = % (d^ (hli) t £) , feZ,i = l,..., rk (H), 

We will need that this holds as well when replacing d by 0). We observe that for any t G Z, 
any h, k G {h\ i \ i,t}, we have by induction on deg£ 

d h ( 6 * *{,(£)) = 6 * (< 9 , *'(£)) 

= ^0 (dy(h) £) 

= 'hg 8yy h ) £) , 

where we have used that £ *= Pold_;i(G), so that, denoting k the projection of k in 

H/H d , we have (<V(V) £) = %'(k) (<V(V)£)- Tllus [t follows now, using (HE2]), that 

dh (§k ^o(O) = ^0 (<Vpi)(*V(fc) £)) 

= d h 'kg OV(fc) £) • 

Since h could be an arbitrary generator, the claim will follow from Lemma IY. 101 given that 
(Oy \I/q(£)) (1) = v I y o (^y'(fc) £) (1); t° see that this is indeed the case, we observe that for any 
£ G Pold(G) we have by construction that ( v Lq£)( 1) = £(1), and thus we compute: 

( 6 fc ® / 0 ( 0 )(l) = (9 fc -i« f, o(0)(l) 

= d'o (^v"(fc-i)£) ( 1 ) 

= 0 ( 1 ) 

= £(^'(fc- 1 )- 1 )-£(l) 

= £(^'(0)-0i) = (Vw0(i), 

which proves the claim. Hence it follows, using that <9/, £ = inv( 6 / l £) and 0*/, £ = inv(5/ l £), 
that 

(10.4) d h{ . T'(£) = VI/' (d nhl .y £) , fez,i = l,.., rk(iL) 

(10.5) V.i ^(£) = ^ (VduW £) , feZ,i = l,...,rk(ff). 

Finally, we claim that is co-multiplicative in degree d. This follows essentially from the 
equations (110.41) . ()10,5jl just established, and induction on the degree deg£ in the argument 
in (rh o T')(£), the co-multiplicativity being trivial on constant functions. First note that for 
any £ G Pol^(G) and any generator h 1 ^ we get by (j!0.4[) the following computation (where 
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we use the induction hypothesis in the third equality) 

= *'(£)) 

= (W ®'t! , )(rh*(d nh 1,0 0 ) 

Next we need to compute similarly p ffi*(\P , (£)) where we get, entirely as in the 
computation above that 

- ** K; no) 

= m*(1''(V ( l.i,, ) -• ()) 

= (*' ®K')(3(i,+'(/.,,,»*'(£)) 

= S(M...)(*'»*')(**(«). 

Finally, since T' is strongly unital and rh* as well, we have m(T'(£))(l, 1) = ('F' ® 
T')(m* (£))(!, 1) as well, and so by Lemma [7. 101 we conclude that 


for all p e Pol d(G) = Pold(G), that is, that V F / is co-multiplicative in degree d. 

Thus Proposition 18.91 (and Remark 18. 10p shows that ip 1 extends to a homomorphism 
ip 1 : H —>■ G. The fact that {ip')* : H^ d JG,M.) —> ( H, M) coincides with T follows directly 

using the middle column of diagram (IIP. IF □ 


We can finally complete the proof of Theorem [HI Given G, H and hi as in the statement, we 
will construct inductively isomorphisms ipH/H^+i —> G/Gd+i such that the induced maps 
ip d : H^{G,M.) —y (H.M.) coincide with the isomorphisms of Theorem 19.21 Observe 

that the existence of ipi is immediate by Theorem 19.21 Given ipi,... ,ipd -i we proceed as 
follows. 

Fix a Mal’cev basis [h^j | ( i,j ) e B r k(H/H d+1 )} of H/H d+ 1 and let F be a free nilpotent 
Lie group of class d, with generators {fi,j | j — 1,..., n}, where we denote n := rk(iL). Let 
7 T: F —y H : j\j K y hij be the induced, surjective homomorphism of Lie groups. Denote 
ipd- 1 = ipd- i ° and x I ,] ( d> = ip* o \FjL, and consider the following diagram: 
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(V'd-i) 


H^PoU-iiG)) 





H\G, Pol d _ 1 (G)/M) 





(i’d-ih 


H^F^ol^F)) 


H\F, Pold_i(F)/R) 


By the induction hypotheses and Theorem 19.21 the two squares in the back are commu¬ 
tative. To see that the front square is commutative we observe that it follows easily from 
Lemma [7.131 that the arrow labeled V in the diagram is injective (in fact an isomorphism), 
and the commutativity follows directly from this. By the previous lemma we get a homomor¬ 
phism ip: F —)• G which induces ip d -i on the level of quotients (although this is, of course, 
already clear since F is free nilpotent), and inducing on the level of cohomology (this 

is the important part). To finish the proof, we will show that ip factors through H/H d+ y. 
Consider the following diagram: 


Horn (G d /G d+1 , R) — Rom(F d /F d+1 , R) Horn (H d /H d+1 , R) 



) 


where the dashed arrows labeled n are given by choosing a unital representative and restrict¬ 
ing. This diagram is commutative by construction, and every solid arrow (that is, every 
arrow not labeled V’) is injective - this is true a priori for every arrow except ip*, and then 
follows for this by commutativity of the diagram; it can also be seen directly from the con¬ 
struction of ip. It follows that im('0*) = im (</?*), whence that the annihilators coincide as 
well: ker (F d —* G d /G d+ \) = ker (F d —» H d /H d+ i), call it K < F and denote F := F/K. We 
now have embeddings ip*: Pold(G) ‘-A Po\ d (F) and ip*: Pol d {H) y Pol d (F), and our job is 
to prove that their images coincide. But this now follows readily from the following diagram: 
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0 -^ Horn(G,/G, +i , M)-- Pol,(G) 

= fj>* 

0-- Hom(F d , M)-*- Pol,(F) 

^ ip* 

0 -. Horn (H d /H d+l , R) -- Pol d (H) 


Pol d {G/G d ) -- 0 . 

{•4>d- iT 

Pol ,(F/F,)--0 

v* 

Pol d (H/H d ) -- 0 


It follows that the map ((<p*)l ) _1 o -0*: Pol,(G) —> Pol,(F) is a co-multiplicative, strongly 
unital linear isomorphism whence induces an isomorphism H/H d +i —> G/G d +i on the 
level of Lie groups cf. Proposition 18.91 and Remark 18.101 It is easy to see that ?/?, does induce 
ipd—i on the level of quotients, and on the level of cohomology. This completes the 
inductive step and, hence, the proof of Theorem [0 □ 

Remark 10.3. The proof of Theorem iBl would proceed more smoothly if we knew a priori, 
in the inductive step, whether or not the diagram 


H\G, Pol,-, (G))--- - H 1 (G, Pol,-! (G) /R) 

^(d) O/'d-l)* 

H\H, Pol,-i(R))---- H'iH^oU-iW/R) 


is commutative. Proving that it is appears to rely on determining a more explicit description 
of T l (d . on the level of polynomial maps, in terms of the map c Oq (see Section [9]). 
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